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Abstract

Hermite subdivision schemes have been studied by Merrien, Dyn and Levin
and they appear to be very different from subdivision schemes analyzed be-
fore since the rules depend on the subdivision level. As suggested by Dyn and
Levin, it is possible to transform the initial scheme into a uniform stationary
vector subdivision scheme which can be handled more easily. With this trans-
formation, the study of convergence of Hermite subdivision schemes is reduced
to that of vector stationary subdivision schemes. We propose a first criterion
for CY convergence for a large class of vector subdivision schemes. This gives a
criterion for C' convergence of Hermite subdivision schemes. It can be noticed
that these schemes do not have to be interpolatory. We conclude by investi-
gating spectral properties of Hermite schemes and other necessary/sufficient
conditions of convergence.
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1 Introduction

Subdivision methods constitute a large class of recursive schemes for computing curves
in R", see Cavaretta, Dahmen and Michelli [1]. Vector subdivision schemes, matrix
refinement equations and their links with the wavelets in multidimension have been
studied by many authors, for example Cohen et al. [2, 3], Daubechies and Lagarias [4],
Heil and Colella [13], Jia et al. [14]. They usually give the regularity of the solution
of a wavelet equation in distribution or Sobolev spaces. Moreover deep studies of
Hermite subdivision schemes have been done by Dyn and Levin [8, 9], Zhou [18], Han
[10, 11] and Han et al. [12].

The main purpose of this paper is to investigate the C°-convergence of a refine-
ment scheme of dimension d with a matrix mask. We are especially interested in
solutions which converge to continuous vector functions ® = (¢, ..., ¢4)" such that



¢r = ¢1,k = 1,...,d. First we propose a criterion for C° convergence for a large
class of vector subdivision schemes and then we apply this criterion to Hermite sub-
division schemes. Dyn and Levin [8, 9] have given a condition for C'*-convergence of
interpolating Hermite schemes. With our approach, we are able to generalize their
result to arbitrary non interpolatory schemes and our criterion is much more explicit.

Our paper can be detailed as follows. In Section 2, we introduce the vector
subdivision scheme gn11(7) = 3_ ey Bi-2;9n(j) Where g,,(i) € R? and B; is a mask of
d x d matrices. Section 3 is devoted to the definition of C°-convergence and to the
first properties of the vector schemes. In Section 4, we give sufficient conditions to
obtain the C°-convergence. The two conditions are the affinity of the scheme which
is a usual condition and another one based on the n-th norming factor .

Then, in Section 5 we define the Hermite subdivision schemes H in order to
get a function and its first derivative. Since we want to get a solution of the type
f = (¢,¢")", the refinement equation is D"*'f,11(i) = 3, Ai—9; D" fu(j) Where
fan(i) e R?, D = ((1) 192) and A; a mask of 2 x 2 matrices. The convergence we
are interested in is C'-convergence. In Section 6, the Hermite scheme is transformed
into an associated vector scheme with d = 2.

In Section 7, for a given Hermite scheme we introduce the basic matrix function
®, a 2 x 2 matrix. If the scheme is C'-convergent, then D®(x/2) = 7., ®(x —
J)A;. Section 8 gives some spectral properties of C'-convergent schemes so that in
Section 9 we can give necessary conditions for convergence. This is completed by a
theorem which uses the results of Section 4 to give sufficient conditions to obtain the
convergence. A few examples are proposed in Section 10.

2 Vector subdivision schemes

A wvector subdivision scheme S of dimension d is defined by an initial vector function
go : Z — R? and by a set of real d x d matrix coefficients {B; : i € Z}, with a
finite number of non-zero B;’s, generating a sequence of refinements g, : Z — R,
n=1,2,3,..., recursively by

gn-&-l(i) = Z Bi—2jgn<j)v i € 2. (1)

JEL

The control vector g, (i) is attached to the dyadic point i/2™.

The set of matrices {B; : i € Z} is called the mask of the subdivision scheme S.
The support of S is the smallest interval [7,7'] containing {i : B; # 0}. The width of
S is the length 7 — 7 of the support.

We now introduce a supermatrix, a matrix whose entries are d x d matrices:



Sij = Bi_2;. The matrix is doubly infinite.

By, By B, B_, B_g
... B3 B, B, By B --
S=|.+ By B, By B., B, --- (2)
... Bs By B, B, B --

B¢ B, By, By B_,

On each row, there is only a finite number of nonzero matrices. The supermatrix S is
the matrix representation of the refinement operator, if g,,,n = 0, 1,2, ... is a sequence
of refinements, if V;, is the column vector (g, (%))iez, then V,, 1 = SV,,.

As indicated by Cohen, Dyn and Levin [2], in vector subdivision schemes theory
it is convenient to consider d x d matrix valued functions, generated by applying the
scheme to sets of matrix control points.

Definition 1 The basic matrix refinements of a vector subdivision scheme is the
recursive sequence ¥, (U, : Z — R>9) defined by:

n+1 ZBZ 2]\11 ZEZ,TLGN, (3)

JEL

with W (i) = 0o;] where I is the identity matriz of order d.
Remark 1 V(i) = B;,i € Z.

Proposition 1 If S is the supermatriz (B;_sj)icz jez, then the (i,j)-entry of the
supermatriz S™ is W, (i — 2"j).

Proof: We proceed by induction on n. Firstly, S;; = Bi_g; = V(i — 2'j). Then
according to the relation S"™' = S x S™, the (i, j)-entry of S"! is

Y ow BicoxWn(k —2")) = >, Bi_on+1j_2,Y,,(£). From Equation (3), this entry is equal
to \I/n+1(i - 2n+1j) O

Corollary 2 For alln € N and all i € Z and for all gy : Z — R%:

=) (i — 2"5)g0(4).

JEL
Corollary 3 For all n,n’ € N and for all i € 7,

n+n Z \II Z - 2n ( ) (4)

JEZ



Proposition 4 If [7,7'] is the support of S, then for every i ¢ [(2" — 1)7, (2" —1)7'],
U, (1) = 0.

Proof: Obviously the lemma is true for n = 0. We proceed by induction and by
contradiction. We assume that there exist n € N and i € Z satisfying the properties
1) (v & [(2" — D7, (2" = D7), Wa(j) =0,

2) 3¢ [ = D7, (2" = 1)7']), Wnpa(i) # 0.

According to Equation (3) there exists j € Z such that B;_5; # 0 and ¥,,(j) # 0. So
that 7 <i—2j <7’ and (2" —1)7 < j < (2" — 1)7". It follows that

(2n+1—1)7 <4 < (2" —1)7'. This is a contradiction with property 2). O

3 (Y vector subdivision schemes

Definition 2 We say that a vector subdivision scheme of dimension d is C°, if for
every sequence of refinements g, : 7 — RY, the sequence of piecewise linear vector
valued functions generated by the vectors of polygonal lines {(i/2", g, (7)) : i € Z}
converges uniformly on any finite interval to a vector function g : R — R?. g is called
the limit of the sequence of refinements g,.

Definition 3 A C° vector subdivision scheme is nondegenerate if there is at least
one sequence of refinements g, whose limit is # 0.

Lemma 5 By the definition of nondegeneracy, there exists a sequence of refinements
gn Such that the sequence of vectors g,(0) converges to a nonzero vector as n — 0.

Proof: Thanks to the definition of C° convergence, we have come to know that
there exists a sequence of refinements g, with a limit g # 0. There exists an interval
la,b],a < b and a positive number € such that (Vo € [a,b]) ||g(z)|| > €. There exists
an integer N such that ||g,(7) — g(i/2")|| < €/2 for every i € [a2",b2"] and for every
n > N. We choose an integer m > N and an integer i’ € Z such that ¢/ /2™ € [a, b].
We choose as initial data go(i) = gm(¢ +4). If g, is the sequence of refinements
generated by go, a simple verification shows that §,(7) = gman(i + 2"7'). As n — oo,
the sequence §,(0) converge to g(i’/2™), a vector whose norm is at least equal to €/2.
O

Definition 4 The truncation of the supermatriz S is the matrix
[S] = (Bi-2j)—r<ic—r,—r<j<—r

where T = min{i : B; # 0}, 7" = max{i : B; # 0}. The truncation of a column vector

V= (v(@))icz, is [V] = (1)) —<ic—r-
Proposition 6 IfV is a column vector, then [SV] = [S][V].
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Proof: If V = (v(i))iez is a column vector with v(i) € R? we define W = SV i.e
w(i) =Y Siv(j).i € Z.

jEL
Let ¢ be in [—7',—7|. For j ¢ [—7', —7], we have i — 2j ¢ [r,7'] and S;; = B;_9; = 0.

So that w(i) = Z S;;v(7). And we conclude that [W] = [S][V]. O

j=—
Corollary 7 For anyn € N, [S"] = [S]".

Let us recall a result on the powers of a matrix. This theorem can be proved using
Jordan normal form.

Theorem 8 (Oldenberger [17]) Let A be a square matriz and let P(X\) be its char-
acteristic polynomial. The sequence A™ converges if and only if

1)IfPN) =0, A\ <1lorX=1.

2) If P(1) = 0, the dimension of the eigenspace {x : Az = x} is equal to the multi-
plicity of the root 1 in the equation P(\) = 0.

Theorem 9 In a nondegenerate C° vector subdivision scheme of support [7,7'] , 1 is
an eigenvalue of [S| and any other eigenvalue is in the open disk {z : |z| < 1}. Any
eigenvector v = ((4))ic(—r,—+ of [S] with eigenvalue 1 is such that x(i) = x(—7).
The dimension of {x : [S]z = x} is equal to the multiplicity of the root 1 of the
characteristic polynomial of [S].

Proof: Starting with go, let V,, = (g,(7))iez. We recall that V,,,1 = SV,,,n € N so
that, according to Lemma 6, [V,,+1] = [S][V.]. If ¢, is the sequence of piecewise linear
functions generated by the polygonal lines {(i/2", g,(7)) : ¢ € Z}, by C° convergence,
¢n, converges to a continuous function g. Since ¢,,(i/2") = g,(7), then lim,,_,« g,(i) =
g(0) for every i € Z. We deduce that [V,,] and [V}, 4] converge to v = g(0)(1,1,---,1)T.
We conclude that v = [S]v and choosing go such that g(0) # 0, we have proved that
1 is an eigenvalue of [S].

The equality [V;,+1] = [S][Va],n € N implies that [V,] = [S]"[Vo],n € N. Since the
sequence V,, converges for any V;, the sequence [S]"[Vy] converges for any [Vp] so that
[S]™ converges. From Theorem 8, any eigenvalue of [S] other than 1 is in the open
disk and the dimension of {z : [S]z = x} is equal to the multiplicity of the root 1 of
the characteristic polynomial of [S]. O

4 Sufficient conditions for C¥ convergence

Let us now specify two notations. If g, is a sequence of refinements of a vector
subdivision scheme S of dimension d, then for &k =1, ....d, gT(Lk) is the k-component of
gn. If U, is the n-th basic matrix refinement of S, then for k,¢ = 1,...,d, Uk* is the
kl-entry of U,,.



Definition 5 A vector subdivision scheme S is affine if the vector of R% whose all
components are equal to 1 is a right eigenvector of both matrices . Ba;, Y .. Baii1
with the eigenvalue 1.

Remark 2 § is affine iff SV =V where V = (v ( )=¢)iczand e = (1,...,1)T € R
This condition will happen if and only if 3 7, 2621 bre(i—27)=1,k=1,...,d,i € Z,
where the matrix representation of the mask of the scheme is {B; = (bye(i)), 7 € Z}.
In that case S"V =V and ZjeZ 2?21 PG —275) =1, k=1,...,d, n € N where
W, is the nth basic matrix refinement of S.

Let us introduce various quantities. If v = (vy,vo, ..., v9)T, w = (w1, wy, ..., wy)
are two vectors of ]Rd, we set

T
p(v,w) = max{|vy —wp| : k, K =1,2,...,d},

w(g, h) = sup{p(g(i),g(i")) : li —i'| < h}

where g : Z — R%.
Remark 3 w is a kind of modulus of continuity. It is obvious that for h > A/,
w(g.h) > w(g,h).

Lemma 10 Let {B; = (by(i)),k, ¢ = 1,...,d} be the mask of an affine vector subdi-
viston scheme of dimension d, then for every sequence g, of refinements, for every
1 € Z and for any n € N,

]EZZ 1

and there exists C' > 0 such that p(gn+1(2i), gn(i)) < Cw(gn, 1).

d
Proof: In an affine vector subdivision scheme, we have Z Z bre(i —27) = 1. It
JEL ¢=1
follows that

o™, (20) - Zzbw —25)(g\" (5 + 1) — g (1)),

JEZ (=1

where ¢{ (i) is the k—entry of the vector g,(i) € R%.

Since [(g\)(j + i) — g <>>r<mw<gn, 1) + w(gn, 0) and w(gn,0) < w(gn, 1), we

80t P01 (20),900)) < 3ez S ke =2)I(1+ j)(gn, 1). Now since the support
of {B_,;} is finite, the last sum is finite and we obtain the second bound.
O



Definition 6 The n-th norming factor x, of a subdivision scheme S of width h is

= max{zz [pRE — g2y — R — oM sk K =1, d, i —i| < h}

JEZ (=1

where V¥ is the kl-entry of the matriz function V,,, U, being the sequence of basic
matrix refinements of S.

Lemma 11 Let h be the width of an affine vector subdivision scheme S and let g,, be
a sequence of refinements, then for every m and n € N

W(Gmtn: h) < Kpw(Gm, h) /2.

Proof: Let [r,7'] be the support of S. Define h = 7/ — 7. Since g, 1n = S"Gm, we
have g0 () Z\Il (1 —2"))gm(j), i € Z so that

]EZ

gm+n ) Z Zwu 2" ( ), € Z,k =1,...,d. Since the scheme is affine,

JEZ (=1

ZZ@/}M )=1,i € Z.

JEZ (=1
From these two last equalities we deduce that for any ¢ € R,

gm+n _C_ZZwkﬁ f)(]) )ﬂi€Z>k:17"'>d' (5)

JEZ £=1
Let us consider two integers i,i' € Z with |i — ¢/| < h. We may assume that
i< andwedeﬁnethesetJ—{j 72" —1)+i < 2" < —7(2" = 1) +4'}. By
Proposition 4, ‘Iln()—()forz¢(2"—1)[7' T]sothat\lf (1—2"j) =V,(i'—2"5) =0
for any 5 ¢ J.

With this remark using equality (5) for (¢, k) and (i, k') we get:

gir’fjrn ) —C—Zzww 2"9)(9'9(j) — ¢) and

jed t= 1
Gon (1 —C—ZZW "5)(9% (7) = ©)-
jeJ (=1
By a substraction, for any c € R we obtain:
k) . k .
G (i) = gty = Z [ (i — 275) — (i — 275)) (99 () — ¢), from which we
jeJ £=1

deduce that:

Ve € R, g0k (i) = gunpn ()] < spmax{lg$ () —cl.j € £ =1,....d}.
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Now let [a,b] be the smallest interval covering the set of the components of all
the vectors g,,(j),j € J which is a finite set of real numbers. Choose ¢ = (a + b)/2.
We already know that for any j € J and any ¢ € {1,...,d}, |gf£)(j) —c < (b—a)/2.
Since the diameter of J does not exceed h we deduce
|b — al < w(gm,h)) and we get the conclusion. O

Lemma 12 If one of the norming factors of an affine vector subdivision scheme S
1s < 2, then for every sequence of refinements g,

o0

Zw(gn, 1) < 0.

n=0

Proof: Let h be the width of § and let m > 0 be an integer such that «,, < 2.
From Lemma 11, w(gnim,h) < [Em/2]w(gn, h) for every n € N.

By induction, it follows that w(ggm+r,h) < [Km/2]%w(gr, h) for ¢ € N and for r =
0,1,...,m—1. Writing the euclidian division, n = mq + r, this is sufficient to obtain
the convergence of the series >~ w(gn, h). Since w(gn,1) < w(gn,h), we get the
conclusion. O

Theorem 13 If one of the norming factors of an affine vector subdivision scheme S
is < 2, then S is C°. Moreover if ¢ is the limit function of a sequence of refinements
Jn, then all the components of 1 are the same.

Proof: We assume that |7, 7'] is the support of S. We consider a sequence of refine-
ments g, of S and the corresponding sequence of piecewise linear vector functions v,,,
Un(1/2") = g, (i), i € Z. If a < b are two integers of Z, let || - || denote the uniform
norm on Cfa,b]. We will show that v,, converge to a function g in the uniform norm.

The values of v, on [a,b] are uniquely determined by the numbers g,(i),i €
[a2™,b2™]. Since

(Vi € Z)gn(i) = 8" (i, §)g0(4),
JEL

it follows from Lemma 4 that the restriction of ¢, to [a, b] is uniquely determined by
the values of go(j), 7 € [a — 7',b+ 7]. So there is no loss of generality by assuming
that go(7) = 0,5 ¢ [a —7',b+ 7).

Since the maximum of ||1,41(x) — ¥y (x)|| on [a,b] is attained at a point on the
(n + 1)th mesh, then

[ni1 — Ynlloo < max{M,, M;z}a (6)
where
{ M, = max{[|gn+1(2i) — gn(2))||o : © € Z} (7)
M;, = max{[|gn+1(20 +1) = (gn(i) + gu(i +1))/2)|c 1 i € Z}.



According to Lemma 10, there exists a number C' such that

P(Gn+1(21), gn (7)) < Cw(gn, 1). (8)

Since for every pair v,w of vectors of RY ||v — w||e < p(v,w), we get M, <
Cw(gn, 1).

The vector 2¢,,41(2i+1) — gn (i) — gn(i+1) is the sum of the four vectors g,,1(27) —
9n (7’)7 gn-&-l(zi + 2) —9n (7’ + 1)7 gn+l(2i + 1) — gn+1 (22) and gn+l(2i + 1) - gn+l<2i + 2)
It follows that M, < 2M,, + 2w(gn+1, 1).

After using last two inequalities and Lemma 12, we get

o
> thnt1 — Palloo < 00
n=0

From Weierstrass criterion, the sequence 1, converges uniformly to a continuous
function ¢ on [a,b]. The interval [a, b] may be arbitrarily large, the scheme S is C°.

The vector function ¢ has d components ¢»¥), k = 1, ..., d. Let us show that all of
the components of ¢ are the same. For any € > 0, there exists an integer N such that
for every n > N, w(gn,1) < € and (Vi € Z) ||gn (i) — 1 (i/27)|| < €. If k, ¢ are between
1 and d, if n > N, then for every i € Z [¢p®)(i/27) — ) (i/2™)| < 3Ce. This follows
from (8) and the definition of p. From this inequality and the fact that ¢*) and )
are continuous, we infer that all the components of v are the same. O

We conclude this section with a kind of converse.

Theorem 14 Let S be a C° vector subdivision scheme, we denote by ¥ the kl-entry
of the basic matriz function ¥ and we assume that for k.0 =1, ....d ¥** = . Then
the sequence Kk, of norming factors of S converges to 0 as n — .

Proof: Let h be the width of S and let € > 0. By uniform continuity, there exists
a § > 0 such that | (z) — ¥ (2")| < efor £ =1,...,d if |z — 2’| < 6. Let ¥, be the
basic matrix refinements of S. Since S is C?, there exists an integer Ny such that
[WkE() — (i /2")| < e for i € Z, k,€ € [1,d] and n > Ny. We choose N such that
N > Ny and h/2N < 6.

Letn > N, |i—i'| < h, k,f € [1,d] and j € Z, then [k (i—52")—pke(i'—52")| < 3e.
By Proposition 4, the number of j € Z for which ¥, (i — j2") # 0 does not exceed h.
It follows that the number of j € Z for which [o)*(i — j27) — k(i — j2™)| # 0 does
not exceed 2h and k, < 6dhe. The sequence k,, converges to 0 as n — oo. O

5 Hermite subdivision schemes

Hermite subdivision schemes have been studied by Merrien [16], Dyn and Levin
[8]. These schemes are non-stationary, but they can be transformed into station-
ary schemes. A Hermite subdivision scheme H of order 1 is a recursive scheme for
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computing a function ¢ : R — R and its first derivative ¢’. The initial state of the
scheme is a vector function {fo(i) € R? : i € Z}. The first component of fy is a
control value for ¢, the second component is a control value for ¢’. The sequence of
refinements {f, : Z — R?,n > 0} is recursively defined through a family of 2 x 2
matrices {A; = (ae(%))k—0,1 : ¢ € Z}, a finite number of them being non-zero.

Dn+1fn+1(z) :ZA172]ann<.7>7 ZEZ,”GN, (9)
JEZ
where D is the diagonal matrix whose diagonal elements are 1,1/2.
Another way of writing the previous equation is

T (@) = D laoo(i = 2) £, () + aon(i = 21) 7 (7)/2"), (10)
Fen@/2 =3 (i = 2) f0G) + anli = 2)A0G)/2 (1)

for i € Z, where f,go)(i), f,gl)(i) are the two components of the vector f, (7).
The family of matrices {A; : i € Z} is called the mask of the Hermite subdivision
scheme H. The support of H is the smallest interval [0, 0’| containing {i : A; # 0}.
A Hermite subdivision scheme is interpolatory if Ao = D and for all ¢ € Z with
i #0, Ay = 0.

Definition 7 We say that a Hermite subdivision scheme is C'-convergent or more
simply C*t, if for every initial vector function fo : Z — R?, there is a C'-function
¢ : R — R such that for any x € R and for any sequence of integers i, for which
lim,, o 1,/2" = x,

lim fi (i) = ¢(x), (12)
lim 2"Af?(in) = lim f{V(i,) = ¢'(2) (13)

where Af(i) = f(i+ 1) — f(i) fori € Z and f : Z — R.

The function ¢ is called the limit function associated with the refinements f,,.

Remark 4 If in a given interpolatory Hermite subdivision scheme, for every initial
vector function fy : Z — R2, there is a C'-function ¢ : R — R for which

F9) = ¢®(i/2"),k=0,1,i € Z,n €N
where ¢(®) = ¢, ¢() = ¢/, then the Hermite subdivision scheme is C*.

Proposition 15 Let H be a Hermite subdivision scheme. If for every initial vector
function fo: Z — R2, the sequence féo)(O) converges and there is a continuous func-
tion ¢1 : R — R such that for any x € R and for any sequence of integers i, for which
lim,, o 1,/2" = x,

lim 2°Af0(i,) = lim [V (in) = ¢1(2), (14)

n—oo

10



then H is C*.

The proof of the proposition is left to the reader.

6 The associated vector scheme

In this section, we will define the notion of reproduction of constants for a Hermite
subdivision scheme H. When H reproduces constants, we are able to associate to H
a vector subdivision scheme S. And there is a strong relationship between the C'*
convergence in H and the C° convergence in S. Before that let us characterize the
fact that for initial data fo(i) = (1,0)7, then f, (i) = (1,0)",i € Z,n € N.

Definition 8 A Hermite subdivision scheme of mask A; = (aoo(z-) do1 (Z)> repro-
ao(i) aq1(7)
duces constants if

D a(2i) =) aw(2j+1) =1, (15)

JEZ JEL
D aw(2i) =) an(2j+1) =0. (16)
JEZ JE

Definition 9 A Hermite subdivision scheme is nondegenerate if for any vector y of
R? there exists at least one initial data fo such that lim, .. f,(0) = y.

Proposition 16 If a Hermite subdivision scheme is C' and nondegenerate, then con-
stants are reproduced.

Proof: According to Definition 9, we may consider an initial data fy for which
»(0) = 1 where ¢ is the limit function associated with the refinements f,. In the
vector subdivision scheme with initial function go = fo and mask {4;}, the sequence
of refinements is g, = D"f,. The limit of the refinements is g(x) = (¢(z),0)7.
From equality (9), when n tends to oo, we get that (1,0)7 is an eigenvector with the
eigenvalue 1 for both matrices ), A;_s;, i = 0,1 and we obtain both Equations (15)
and (16). O

Theorem 17 (Dyn and Levin [8]) Let f, = (£, f"))7, n = 0,1,2,... be the
(log(i) am(i)) we

refinements of a Hermite subdivision scheme H of mask A; = : :
ao(i) agq(7)

assume that
>-ia00(29) = > a00(2) + 1) =1 and 3, a10(25) = 35 a10(25 +1) = 0.
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Then the sequence g,(i) = (f7@0), 27[ALYO)DT, n = 0,1,2,... is the sequence of
refinements of a vector subdivision scheme of mask

an (i) Y aili—2k)

boo(i)  box(4)
B; = ; N ) =2 =
(bl(] (2) bll(z) ) A(l()l (Z) A E aOO(i - Qk)
k=1

1.6.

Gui1 (1) = > Biosjgn(j)- (17)

JEZ

Proof: Let [0, 0'] be the support of H. Firstly, we notice that for i < —o—1, B; = 0.
Secondly, for i > ¢’, by a similar argument, we have byy(i) = bp;(2) = 0. Now for k < 0
we get ago(i + 1 —2k) = ago(i — 2k) = 0 since i + 1 — 2k > ¢’ and ¢ — 2k > ¢’ so that
bo1(i) = 2 ez a10(i — 2k) and similarly by1(i) = 23, ., aoo(i + 1 —2k) — ago(i — 2k).
With the hypotheses, we can conclude that B; =0 for ¢ ¢ [0 — 1,0" + 1].

For i € Z and n € N, equation (11) gives
fﬁr)l(z) = >_;2a10(i — 2j)2"fT(LO) () + 22, 2an (i — 2j)f7(ll)(j) and these sums are finite.
We remark that
2&10@) =2 Z;il[alo(i + 2 — 2]{?) - alo(i - 2]{7)] = b01 (Z + 2) - b01 (’L) So that

S 2a10(i = 20)2°F0 () = X, lbor (i + 2 — 25) — boa (i — 27127 £ ()
= S bou(i = 2))2 (G + 1) = 3, boa (i — 27)27 £ ()
= 3 bouli —2/)2" ALY ()

After substituting in (11), we obtain

£ = "lboo(i — 27) £V () + bor (i — 25)2" A £ (). (18)

J

Similarly, ag(i) = Y pe;laoo(i + 2 — 2k) — ago(i — 2k)] from which we deduce:
2[apo(i + 1) — ago(i)] = b11(i + 2) — by1(i). Using (10), we obtain

FLG+1) = Sanli+1—2)"0G) + X, amli+1 - 25) 17 (5)
NG = X a0l —20) 7 G) + X, a0 (i — 25) 117 () ’
so that

AL (1) = 32, 2a00(i+ 1 — 25) — ago(i — 2)]2" £ ()
+ 225 2[an (i +1—25) —api (i — 2/)] £ (5)
= Y bioli — 2)) V) + S, bu (i 4+ 2 — 24) — bu(i — 27)]12" ().

12



This gives

AL () = Y [bioli — 27) £V () + b (i = 25)2" AL (). (19)

J

Formula (17) is equivalent to Formulae (18-19). O
We will say that the vector subdivision scheme whose mask is { B;} in the previous
theorem is associated with the Hermite subdivision scheme of mask {A4;}.

Corollary 18 The vector scheme associated with a nondegenerate C* Hermite sub-
division scheme is C°. If ¢ is the limit function associated with refinements f, in the
Hermite scheme, (¢, &' )T is the limit function of the refinements g, of the associated
vector scheme with go(i) = (fél)(z'), Afo(o)(i))T.

This follows from Lemma 16 and Theorem 17.

7 The basic matrix function

Definition 10 The basic matrix refinements of a Hermite subdivision scheme is the
recursive sequence of matriz functions ®,, (¥, : Z — R**?):

D" @, (i) = Y Aig; D", (j),i € Z,n €N, (20)
JEL.
with ®g(1) = do;I, where I is the identity matriz of order 2.

Remark 5 There is a close link between the first matrix refinement ®; and the mask
of a Hermite scheme: A; = D®4(i).
From Corollary 2, we deduce that for any initial data fo(i) we have

Fali) =Y @u(i = 2")) folj),i € Z,n € N.
JEZ

Definition 11 If @, is the sequence of basic matriz refinements of a C' Hermite
subdivision scheme, then there exist two functions ¢g, ¢p1 : R — R such that for any
x € R and for any sequence of integers i, with lim, . ,/2" = z,

) [ do(z) ¢1(x)
JL%‘D”“")—(%(x) ¢a<x)>' (21

We define the basic matrix function of a C* Hermite subdivision scheme as the

o wt) = (G0 5

13



Theorem 19 If ® is the basic matriz function of a C' Hermite subdivision scheme,
then
(Vz € R) DO(x/2) = Y ®(z — j)A; (22)

JEZ

Proof: We consider a sequence of integers i, such that lim, .. 4,/2" = x. From
(4) and the previous remark,

n+1 Zn Z (I) - 2n

By taking the limit as n — oo, we get (22) O

8 Spectral properties of Hermite schemes

In this section, we assume that the Hermite subdivision scheme of mask A; is C* and
nondegenerate. We introduce the supermatrix H = (A;_5;). We show that 1 and 1/2
are two eigenvalues for H.

Lemma 20 Let zy,z29,...,2q be d distinct complex numbers and pi,ps,...,pq be d
nonzero polynomaials, we assume that the sequence u, = 22:1 pr(n)zp, n=0,1,2, ..
converges to L. If L # 0, then there is an integer j € [1,d] such that z; = 1, the
degree of p; is 0 and for every other integer k € [1,d], |zx| < 1. If L = 0, then for
every integer k € [1,d], |zx| < 1.

Proof: We can suppose that |z1] < |z < ... < |z4] and if |zx| = |2k41| then
deg(pr) < deg(pr+1). Let p = |z4] and v = deg(pq). We suppose that |z;| = ... = |zq4]
and deg(p;) = ... = deg(pa) with |z;_1| < |z;| or (|zj_1] = |z;| and deg(p;j_1) <

deg(p;)). Writing ¢, the coefficient of z4¢¢(P+) in pj, the sequence u,, is asymptotically

equal to the sequence v, = Z cin”z; which converges to L.

Let us define w,, = v,/(n”z}}). Since ]Ze"w\ < 2/|1 — €| for 0 # 2kn, k € Z,
=0
the arithmetical means (wo + wy + ...+ w,)/(n + 1) converges to ¢g4. Neither p > 1

nor (p = 1 and v > 0) may occur. Otherwise the sequence w,, would converge to 0,
this would imply that ¢; = 0 by the Cesaro theorem. But ¢; # 0 since pg Z 0.

First case: p < 1, then the sequence v,, converges to 0 and L = 0.

Second case: p =1 and v = 0. If v,, converges to 0 then the sequence w,, = v,,/2}
and the arithmetical means (wy + wy + ...+ wy)/(n + 1) converge to ¢g = 0 which is
impossible. So that L # 0. Now the arithmetical means (vg + vy + ...+ v,)/(n + 1)

14



converges to L. Again, since |Z e < 2/|1 — €| for § # 2k, k € Z, there exists

=0
Jo € {4,...,d} such that z;, = 1. This j, is unique because the z; are distinct and

the sequence (vg + vy + ... 4+ v,)/(n + 1) converges to L = ¢;j,. Suppose that there
exists j1 € {j,...,d} with ji # jo. Let x, = (v, — L)/2}. Then the sequence z,
converges to 0 and the arithmetical means (zo + x1 + ...+ 2,)/(n + 1) converges to
0 and to ¢, which is impossible. To conclude this case, L # 0, there exists a unique
2, with |zx| = 1 and 2, = 1.

a

Theorem 21 We consider a nondegenerate C' Hermite subdivision scheme with
mask {A;} and support [o,0']. If [H] = (Ai—sj),i,j € [—0’,—0]|, then 1 and 1/2
are simple roots of the characteristic polynomial of [H] and any other eigenvalue is in
the disk |\| < 1/2. Moreover there is ¢ € R such that the vector function v : Z — R?
where v(i) = (i + ¢, 1)T is the eigenvector with the eigenvalue 1/2.

Proof: Since the support is [0, 0’|, by using (9), we have

D™ f (i) Z Ai2;D" fo(§), —0' <i < —o,n €N, (23)

]7—0'

If V,, = D"f.(i),—0" < i < —o, then V,1; = [H]V,. Let m(z) be the minimal
polynomial of [H]. If V,, = (v,(d)),—0’ < i < —0, v,(i) = (vﬁf)( ) v,gl)( )T, then for
every k € {0,1}, for every ¢ € [—o’, —0], the sequence vék)(i) n =0,1,2,... satisfies
a finite difference equation whose characteristic equation is m(z). In order to show
that, we write m(z) = 2z¥ — Z;’_é a;z’, and we have [H|"V,, = Z';;é a;|H)PV,. We

deduce that vnjl,( ) = éa] n+] for i € [-0',—0o] and k = 0,1. This gives the
result.

If the roots of m are \;, £ = 0,...,v, then for every k € {0,1}, £ = 0,...,v and
i € [—0',—0], we can find polynomials py,;(n) depending on the initial data such
that

(1)/2"" = Zpk“ n)\Y, n=0,1,.. (24)

Now, we choose a sequence of reﬁnements fn for which the associated limit function
¢ is such that ¢(0) = 1,¢'(0) = 0. As the sequence f,(LO)(O) converge to 1 when n — oo,
we get lim, oo Y,y Poso(n)A} = 1. From Lemma 20, one eigenvalue of [H] is 1.

Similarly, for a sequence of refinements f, for which the associated limit function
gb is such that ¢(0) = 0,¢'(0) = 1. For any i € Z, the sequence i/2" converges to 0 and
£ ( ) converge to ¢'(0) = 1 as n — co. We get lim,, oo > y_q Poci(n)(2XA)" = 1. So
that one eigenvalue of [H| is 1/2. Notice that for the eigenvalue A\; = 1 the polynomial
P1j is 0.

15



For an eigenvalue A of [H], we consider an eigenvector V = (v(i)_gp<i<—y with
v(i) = (V03),vMH)T € R2. We set fy(i) = v(i) if i € [—0’,—0] and fy(i) = 0
otherwise. If f,, are the refinements of fj, for £ = 0,1, we get

fi () j2kn = X\r®)(4) i € [—o’, —0],n = 0,1, ... (25)

Case |A\| > 1.
Let i be in [—0’, —0]. For k = 1, the convergence of the Hermite subdivision scheme
gives v (i) = 0. Now with k = 0, we obtain A = 1 and v® (i) = ¢. Since vV (i) = 0.
we have v(?)(i) = ¢ # 0. The eigenspace {V : [H]V = V} has dimension one.

Case 1/2 < |A| < 1.
By convergence of the scheme we get that lim,,_, . 2"A f,(LO) (1) = lim,, fr(bl)(z') = .
We show that it is impossible that ¢; = 0. Otherwise we get vV (i) = 0 and Av©) (i) =
0 for i € [~o’,—o]. It follows that v(?)(i) = ¢;. This means that [H]V =V and it is
a contradiction with [H]V = AV, |A| < 1. There is no loss of generality by assuming
¢, = 1. From the fact vV (i) = 1 and Av(® (i) = 1. It follows that v(® (i) = c+14. The
dimension of {z : [H]V = 1/2V'} is one.

1 and 1/2 are eigenvalues of [H] and all other eigenvalue A satisfies |[\| < 1/2. The
last step of the proof is to show that 1 and 1/2 are simple roots of m.

Let A € {1,1/2}. If > 1 is the multiplicity of this root A, then there is a vector
v = (v(i)),—0’ < i < —o such that ([H] — A )*v = 0 and ([H] — AI)*~'v # 0. This
is a consequence of the primary decomposition of a vector space (see Theorem 4.2 in
Lang’s book [15]). We set w = ([H] — A )*2v and w' = ([H] — M)~ 'v. Tt follows
that [H]"w = \'w + n\" 1w’

We set fo(i) = w(i) if i € [—0’,—0] and fo(i) = 0 otherwise. If f, are the
refinements of fy, we get

Df,(i) = N'w(i) + n\"" ' (i),i € [-0', —a],n = 0,1, ... (26)

From the convergence of the sequence of vector f,(i), we get that w'(i) = 0 for any
i, which is impossible. This shows that 1 and 1/2 are simple roots of the minimal
polynomial of [H]. Since for A = 1 and 1/2, A is a simple root of m and the dimension
of {x : [H]V = AV} is one, then 1 and 1/2 are simple roots of the characteristic
polynomial of [H]. O

For a Hermite subdivision scheme of mask A;, we set

Qg = Z ap(i) , ai = Z a0(7),

i=r mod 2 i=r mod 2

Bor = Y [—aoo(i)i+2a01(d)] , Bir= Y [aw(i)i+2an(i)]

i=r mod 2 i=r mod 2

for r =0, 1.
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Lemma 22 [f the following conditions hold

gy = agr = 1,0 = g = OaﬁOO = 501,510 = 511 =1, (27)

then the vector Xo = (x0(i))icz with xo(i) = (1,0)T is a right eigenvector for the
matric H = (A;_2j)ijez with 1 as eigenvalue and the vector X1 = (x1(7))icz with
21(i) = (i — Poo, 1)T) is a right eigenvector for the matriz H with 1/2 as eigenvalue.

In a nondegenerate C* Hermite subdivision scheme of mask A;, the conditions
(27) are always satisfied.

3 o N Zj aoo(’i—Qj) . Qop
Proof: Let Yy = HXy . Then yo(i) = (Z-alg(i -25) )  \ay )’ where r €
s = . s 0 — = .
{0,1} and ¢ = r mod 2. Under the hypotheses (]27) we get Yy = Xo and HX, = X
If Y1 = HX; then for any ¢ € Z and 7 = r mod 2,

n(i) = <Zj[aoo<i —2))(j — foo) + ao1 (i — 2]')])
Z -[am(i - 29)(] - 500) + CLn(i — 2])]

ij[_aoo(i - 2])@ - 2]) + 2(101(i — 2])] + Zj aOO(Z. _ 2])(@ N 2ﬁ00)>

Bor + (i — 2500)040r)

Bir + (i — 2800) 1y

Under the hypotheses (27), we get Y7 = X;/2 and HX; = X;/2.

Conversely, if the scheme is C'' and non degenerate. Let Xy = (z¢(i))iez with
zo(7) = (1,0)T and [Xo] = (0(i))_o'<i<_o- By the previous Theorem, [Xo] is a right
eigenvector for the matrix [H]| = (A;_2j)_o<ij<—o With 1 as eigenvalue. This implies

that X, is an eigenvector of H with eigenvalue 1. Xy = H X, gives z¢(i) = (gor) =
1r

N =N

(é) with r € {0,1} and 7 = r mod 2. So that Qoo = Qo1 = 17 g = (11 = 0.

Similarly X; = (21(i))iez with x1(i) = (i + ¢, 1)T) is a right eigenvector for the
matrix H for the eigenvalue 1/2 and HX; = 1/2X; gives
71(i) = (g?: i 8 1 ;E;g?:) = (Z le c) and we conclude. O

A way to summarize these facts is to use the matrix with two columns X = (XyX})
and to see that HX = XD.

Theorem 23 If &(z) = (Zzgg Zigg) is the basic matriz function of a nonde-

generate C' Hermite subdivision scheme of support [o,0'], then

a_/

Do) =1, DI~ n)dyld) +610)] = 1.

j=o
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Proof: Forn=1,2, ..., H"Xy = X(. From Lemma 1, we get

o= (o) = (a)

We set ¢ = 0 and we let n tends to co. We get Zjl:o, ¢0(7) = 1 with Proposition 4.
Forn=1,2,..., H"X; = X;/2", we also get

S i—2) (T )= () e

J

We set i = 0 and we let n tend to oo and we get Zjlz [(J — Boo)po(j) + 1 ()] =1. O
We introduce an infinite row vector.

U=(-- ®(=2) d(=1) ®0) &) d©2) ---),

with ®(z) € R?*2. The number of nonzero components of U is finite. If we take
x=01in (22), we get UH = DU. If Uy = (1,0)U,U; = (0,1)X, then UyH = U, and
UiH = Uy /2. Uy, Uy are left eigenvectors of H for the respective eigenvalues 1,1/2.
Moreover Ug Xy = U1 X7 = 1.

9 Necessary and/or sufficient conditions for con-
vergence

A first necessary condition for C! convergence of a Hermite subdivision scheme H is
that the sequence of powers [H]™ converge. Another necessary condition is given by
Corollary 18, the associated vector subdivision scheme S with the mask {B;} is C°.
We now propose a sufficient condition for C' convergence of H.

Theorem 24 Let 'H be a Hermite subdivision scheme which reproduces constants, let
S be the associated vector subdivision scheme, we assume that S is affine and that
one of its norming factors is < 2, then the Hermite subdivision scheme is C*.

Proof: Let A; = aoo(z.) aon (i) be the mask of H. If f, is a sequence of refine-
10 (l) a1 (Z)

ments according to H, the sequence g, = (2"A fno , fn1 )7 is a sequence of refinements
according to S. From Theorem 13, there is a function ¢; : R — R such that (¢, ¢1)7
is the limit of the refinements g,.

We now prove the convergence of the sequence fT(LO) (0). By using the reproduction
of constants of ‘H, we get

121 0) = £70) = 3 [aoo(=27)(£7G) = £7(0)) + aon (=29 £ (7)/2"]



where M = max{|i| : Ay # 0}. Since for i = —M, ..., M, each sequence 2"Af{” (i)
and fr(Ll)(z) is bounded, then f,s(l)l(O) - fT(LO)(O) = O(1/2") and fT(LO)(O) converge as
n — 00. The hypotheses of Proposition 15 are fulfilled. The sequence of refinements
f» has a limit. The Hermite scheme is C*. O

Remark 6 If H reproduces constants, then by Lemma 22, S is affine if only if

ZAi—2j( i—lﬁoo > :%( i_lﬁoo ), i=0,1

where B0 = > ,cz[—a00(20)2i + 2a01(2i)]. If S is not affine, then H is degenerate or
is not C*, there is no other choice.

10 Examples of Hermite subdivision scheme
Example 1. We consider the one-parameter family of Hermite subdivision schemes

D" 0(26) = AgD"f, (i) + A_oD" (i + 1)
DY 1 (2i+1) = AD"f,(i) + A_ D" f,(i + 1)

where the nonzero matrices A;, —2 < i < 1 are respectively equal to

0 ¢/2\ [(1/2 —1/8+¢/2\ (1 0 /2 1/8
o o )o\sma  —18 )o\o 172)\ =34 —1/8)
From Theorem 17, the sequence g, (i) = (Q”Aféo)(z’), 721)(2'))7’, n=01,2,...1s

the sequence of refinements of a vector subdivision scheme of mask B;. The nonzero
matrices of the mask are B;, —3 < ¢ < 1 which are respectively equal to

(0 8)-( -G -G ()

The parameter 7/ = max{i : B; # 0} is equal to 1. The parameter 7 = min{i : B; #
0} is equal to -3 if ¢ # 0, otherwise 7 = —2.

Example la, ¢ = 0. In this case, the Hermite subdivision scheme is inter-
polatory and converges to the Hermite cubic spline. If f,, is a sequence of refine-
ments according to this Hermite subdivision scheme, if ¢ is the unique cubic spline
with nodes on Z such that (Vn € Z)(¢(n),d'(n))T = fo(n), then ¢ is the limit of
the refinements and the scheme is convergent. The first 5 values of k,,n > 1 are
3.5000, 3.6250, 3.0313, 2.0469, 1.1680. Since k5 < 2, we get the numerical confirma-
tion that the scheme is convergent.

The truncated matrix [H] = (A;_q;),—1 <i < 1,—1 < j <1 is a square matrix
with 6 x 6 real entries. The characteristic polynomial of [H] is (A — 1)(A — 1/2)(A —
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1/4)%(X — 1/8)%. Any eigenvalue other than 1 and 1/2 is in the unit disk |A] < 1/2.
The eigenvector with the eigenvalue 1/2 is (—1,1,0,1,1,1)T.

Example 1b, ¢ = 1/16. In this case, the Hermite subdivision scheme is not
interpolatory. The first 5 values of k,,n > 1 are 4,3.6250, 3.4766, 2.5547,1.6875.
Since k5 < 2, we get the numerical confirmation that the scheme is convergent.

The truncated matrix [H] is of order 8 and its characteristic polynomial is (A —
(A = 1/2) (A — 1/4)*(X — 1/8)2A2.  The eigenvector with the eigenvalue 1/2 is
(—17/16,1,—-1/16,1,15/16,1,31/16,1))" (as predicted by Theorem 21).

Let ®(z) = <¢9(x) <b/1(;1:)> be the basic matrix of the Hermite subdivision

oo(x) ¢ (x)
scheme corresponding to the parameter ¢ = 1/16, in Figure 1, we plot the graphs of
the four functions ¢q (left, up), ¢1 (right,up) , ¢, (left, bottom), ¢} (right, bottom).

9yX) 0,(x)
1 0.15
0.1}
0.8}
0.051
0.6} 0
0al -0.05f \/
-0.1+
0.2}
-0.15¢
0 -0.2
-2 -1 0 1 -2 -1 0 1
¥ ¢,09
15 1
! 0.8}
0.6}
0.5
0.4}
0
0.2}
-05+f
0
-1t -0.2+ w \/
-1.5 -0.4
-2 -1 0 1 -2 -1 0 1

Figure 1: Basic matrix function of a non-interpolatory Hermite subdivision scheme
Example 2. We consider the one-parameter family of Hermite subdivision schemes.

The matrices of the mask are Ay = ( ! 6 Y 1/2 E u/4) LA = ( _24%%/65/;212 Egl//?lé) ,
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(u/2 0 _( 13/512  3¢/512 B ) o
Ay = ( 0 u/8)’ A, = (_56/512 _1/512) for e = 1. Otherwise A; = 0.

Example 2a, u = 0. In this case, the Hermite subdivision scheme is interpolatory
and one of its main properties is that any polynomial p of degree < 7 is reproduced, i.e.

the sequence of refinements of fy(i) = ( 5,((22))) is fn(i) = ( 5,((2//22,)) ) We already
described this example in a previous paper [6].

The first 6 norming factors are 4.5547,4.2952,4.2276, 3.6849, 2.3116, 1.2326. The
6th norming factor being < 2, we get the confirmation that the scheme is C'. The
truncated matrix [H] = (Ai_q;),%,j € [—3,3] is a 14 x 14 matrix. The eigenvalues are
1, 1/2, 1/4, 1/8 (double root), 1/16, 1/32, 1/64 (double root), 1/128 and four other
unrecognized small values. The presence of the eigenvalue 1/2% 0 < k < 7, comes
from the fact that the function z* is reproduced. The eigenvector with the eigenvalue
1/21is (=3,1,-2,1,-1,1,0,1,1,1,3,1)7.

Example 2b, u = —1/6. In this case, the Hermite subdivision scheme is not
interpolatory. The first 10 norming factors are 4.55, 5.15, 5.76, 6.17, 5.44, 5.54, 5.62.
5,84, 6,10, 6.37. No conclusion can be drawn from this sequence. Nevertheless one of
the eigenvalue of the truncated matrix [H] of order 14 is 0.5221, which is outside the
disk A < 1/2. From Theorem 21, this Hermite subdivision scheme cannot be C*.

11 Comparison with another criterion of conver-
gence

Dyn and Levin [8] found a criterion of C' convergence for interpolatory Hermite
subdivision schemes. Let us describe this criterion. Let H be a Hermite subdivi-

bgo(i) b01 (’L)
bio(i) by (i) be the mask of

its associated vector subdivision scheme &§. We assume that the associated vector
subdivision scheme is affine. The subdivision matrix of S is S = (s(i,7)) where
s(2i + k,2j +0) = bre(i — 27), i € Z,j € Z, k,¢ = 0,1. By hypothesis, the matrix S
is affine, > ., s(é,j) = 1. From Proposition 10 of Daubechies et al. [5], the matrix
S" = (s'(4,7)) defined as

sion scheme which reproduces constants, let B; =

J
Sg,j = - Z (3i+1,k - Si,k);

k=—o00

is the subdivision matrix of a subdivision scheme S’. Let s/ (i,7) be the ij-entry of
the n-th power of S’, then we define the sequence

v =max{» |s}(i,5)| :i=0,1,2,3}.
jez
Then H is C' if and only if there exists an integer n for which v,, < 1 (see Theorem

3 of [9]).
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For each example of the previous section, we give the first numbers v,,. In example
la, vy = 1,11, = 5/8; in example 1b, v; = 1.1250, v, = 0.8125; in example 2a, v; =
1.1016, 5 = 0.6776; in example 2b, the first ten numbers are 1.43, 1.51, 1.58, 1.65,
1.72,1.79, 1.87, 1.96, 2.043, 2.13. In these examples, the criterion of Dyn and Levin is
more efficient than our criterion with the norming factors x,,. Nevertheless, for other
affine vector subdivision schemes, it may happen that the norming factors behave
better. Moreover, one should point out that the criterion of convergence with the
sequence kK, can be easily extended to multivariate vector subdivision schemes while
the criterion of convergence with the sequence v, does not have an easy extension.
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