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Abstract

We propose a simplex spline basis for a space of C''-cubics on the
Clough-Tocher split on a triangle. The 12 elements of the basis give a
nonnegative partition of unity. We derive two Marsden-like identities,
three quasi-interpolants with optimal approximation order and prove
L. stability of the basis. The conditions for C'-junction to neighbor-
ing triangles are simple and similar to the C!' conditions for the cubic
Bernstein polynomials on a triangulation. The simplex spline basis can
also be linked to the Hermite basis to solve the classical interpolation
problem on the Clough-Tocher split.

Keywords: Triangle Mesh, Piecewise polynomials, Interpolation, Sim-
plex Splines, Marsden-like Identity.

1 Introduction

Piecewise polynomials over triangles have applications in several branches of
the sciences ranging from finite element analysis, surfaces in computer aided
design and other engineering problems. For many of these applications,
piecewise linear C° surfaces do not suffice. In some cases, we need smoother
surfaces for modeling, or higher degrees to increase the approximation order.
To obtain C!' smoothness on an arbitrary triangulation, one needs piecewise
quintic polynomials, [6]. We can use lower degrees if we are willing to split
each triangle into a number of subtriangles. Examples are the Clough-Tocher
split (CT), [1] and the Powell-Sabin 6 and 12-splits (PS6, PS12), [11]. The
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number of subtriangles is 3, 6 and 12 for CT, PS6 and PS12, respectively. A
B-spline like basis both for C' cubics and C? quintics has been constructed
for PS6, [5, 12] and references therein. Recently a B-spline like basis has
also been proposed for a 9 dimensional subspace of C! cubics on CT, [5].
The PS12-split can be defined as the complete graph obtained by connecting
vertices and edge midpoints of each triangle. A B-spline basis for PS12 and
the full space of C'- cubics on CT seem difficult. An alternative to the
B-spline basis is the Hermite basis. Since it uses both values and derivatives
it is not as stable as the B-spline basis and it does not form a nonnegative
partition of unity.

Here we construct a B-spline basis for one triangle in the coarse triangula-
tion and connect to neighboring triangles using Bernstein-Bézier techniques.
This was done for PS12 using C! quadratics, [2], and C? and C® quintics,
[7, 8]. These bases, consisting of simplex splines (see for example [10] for a
general introduction), all share attractive properties of univariate B-splines
such as

e a differentiation formula
e a stable recurrence relation

a knot insertion formula

e they constitute a nonnegative partition of unity

e simple explicit dual functionals

o L, stability

e simple conditions for C' and C? joins to neighboring triangles

e well conditioned collocation matrices for Lagrange and Hermite inter-
polation using certain sites.

In this paper we consider the full 12 dimensional space of C'' cubics on
the CT-split. We will define a simplex spline basis for this split and show
that it has all the B-spline and Bernstein-Bézier properties mentioned above.

The CT-split is interesting for many reasons. To obtain a space of C!
piecewise polynomials of degree at most 3 on an arbitrary triangulation,
we only need to divide each triangle into 3 subtriangles, while 6 and 12
subtriangles are needed for PS6 and PS12. Moreover, the approximation
order of the space S3 of piecewise C! cubics on CT is 4 and this is at
least as good as for the spaces S¢ and Sio of piecewise cubics on PS6 and



piecewise quadratics on PS12. The degrees of freedom for Sg are values and
gradients of the vertices of the coarse triangulation while for S3 and S1o we
need in addition cross boundary derivatives at the midpoint of the edges,
see Figure 1 (left). For further comparisons of these three spaces see Section
6.6 in [6].

This paper is organized as follows: In the remaining part of the intro-
duction, we review some properties of CT, introduce our notation and recall
the main properties of simplex splines. In Section 2, we construct a cubic
simplex spline basis for CT, from which, in Section 3, we derive two Mars-
den identities and then, in Section 4, three quasi-interpolants, and show L,
stability of the basis. In Section 5, conditions to ensure CY and C' con-
tinuity across an edge between two triangles are derived. The conversion
between the simplex spline basis and the Hermite basis for CT is considered
in Section 6. Lagrange and Hermite interpolation on triangulations using
C' cubics, quartics and higher degrees have also been considered in [3]. We
end the paper with numerical examples of interpolation on a triangulation.

1.1 The Clough-Tocher split

To describe this split, let 7 := (p;, Py, P3) be a nondegenerate triangle in
R?. Using the barycenter pp := (p; + py + p3)/3 we can split T into three

subtriangles 71 := (pr, P2, P3), T2 := (Pr,P3,p1) and T3 = (P, Py, Pa)-
On T we consider the space

SYHA) :=={fec(T): fi7; is a polynomial of degree at most 3, i = 1,2, 3}.
(1)
This is a linear space of dimension 12, [6]. Indeed, each element in the
space can be determined uniquely by specifying values and gradients at the
3 vertices and cross boundary derivatives at the midpoint of the edges, see
Figure 1, (right).
We associate the half open edges

<pi7p7’) = {(1—t)pi+tp7—20§t< 1}7 i1=1,2,3,
with subtriangles of T as follows

(p1,p7) € T2, (P2,Pr) €T3, (P3,P7) €T, (2)

and we somewhat arbitrarily assume pp € 7s.



Figure 1: The PS12-split (left) and the CT-split (right). The C! quadrat-
ics on PS-12 and C! cubics on CT have the same degrees of freedom as
indicated.

1.2 Notation

We let N be the set of natural numbers and Ny := N U {0} the set of
nonnegative integers. For a given degree d € Ny, the space of polynomials
of total degree at most d will be denoted by P;. The Bernstein polynomials
of degree d on T are given by

d!

T8, ik € No, itk =d, (3)

ngk(p) = ngk(ﬁhﬁ%ﬁg) =

where p € R? and B4, 2, 33, given by
p = bip1 + B2py + Bsps, B+ P2+ B3 =1, (4)
are the barycentric coordinates of p. The set
By:={Bfy 11,4,k € No, i+j+k=d} (5)
is a partition of unity basis for P;. The points

d . Pyt Jps+Ekps
bijr = d

77;ajak€N07i+j+k’:d7 (6)

are called the domain points of By relative to 7. In this paper, we will
order the cubic Bernstein polynomials by going counterclockwise around the
boundary, starting at p; with B??oo and ending with B}, see Figure 2

(3 13 B3 p3 p3 p3 p3 p3 p3 p3
{B1, Bz, ..., Bio} := { B3n, B310, Biao> Bisos Bo21»> Boi2s Booss Bioz» Bao1> Biii}-

(7)



The corresponding ordering of the cubic domain points are

X X 2p; +py P+ 2py 2py + p3 Py + 2ps
{pla"'7p10} = {p17 3 ) 1 3 ; P2, 3 ) 3 ) 8
2ps +p; p3+2p; (®)
p37 3 ) 3 7pT .

The partial derivatives of a bivariate function f = f(x1,z2) are denoted
Oof = %’ Qo f = (f?—x’;, and Oy f = (w1010 + u200,1)f is the derivative
in the direction u := (u1,u2). We denote by Jg, f, j = 1,2,3 the partial
derivatives of f(f1, 2, 33) with respect to the barycentric coordinates of
f. The symbols (S) and (S)° are the closed and open convex hull of a set
S € R™. For k < m, we let vol(S) be the k dimensional volume of S and
define 15 : R™ — R by

1, ifxes,
1s(x) ::{

0, otherwise.
By the association (2), we note that for any @ € T

17 (2) + 17 (x) + 175 () = 17(x). (9)

We write # K for the number of elements in a sequence K.

1.3 Bivariate simplex splines

In this section we recall some basic properties of simplex splines.

For n € N,;d € Ny, let m:=n+d and kq,...,kn+1 € R be a sequence
of points called knots. The multiplicity of a knot is the number of times
it occurs in the sequence. Let o = (k1,...,kms1) with vol,,(c) > 0 be a
simplex in R™ whose projection 7 : R”™ — R" onto the first n coordinates
satisfies w(k;) = k;, for i =1,...,m+ 1.

With [K] := [k1,...,Kkmn+1], the unit integral simplex spline M [K]

can be defined geometrically by

volyy—n (J N1 (ac))

M[K]:R" - R, M[K](z):= ——r

For properties of M[K] and proofs see for example [10]. Here, we mention:

e If n =1 then M[K] is the univariate B-spline of degree d with knots
K, normalized to have integral one.



e In general M[K] is a nonnegative piecewise polynomial of total degree
d and support (K).

e For d = 0 we have

1/vol,((K)), « € (K)°,

0, if @ ¢ (K). (10)

MIK](z) == {

e The value of M[K] on the boundary of (K) has to be delt with sepa-
rately, see below.

o If vol,,((K)) = 0 then M[K] can be defined either as identically zero
or as a distribution.

We will deal with the bivariate case n = 2, and for our purpose it is con-
venient to work with area normalized simplex splines, [8]. They are
defined by Q[K](z) = 0 for all x € R? if voly((K)) = 0, and otherwise

V012 (T)
(d+2)
2
where T in general is some subset of R?, and in our case will be the triangle

T = (p1,P2,P3). The knot sequence is [p;, Py, p3, py] taken with multi-
plicities. Using properties of M[K] and (11), we obtain the following for

Q[K]:

e [t is a piecewise polynomial of degree d = #K — 3 with support
(K)

QTIK] = Q[K] :=

MIK], (11)

e knot lines are the lines in the complete graph of K

e local smoothness: Across a knot line, Q[K] € C9t1=# where d is
the degree and p is the number of knots on that knot line, including
multiplicities

e differentiation formula: 9,,Q[K] = dZ?i? a; QK \ kj,
for any w € R? and any ay, . .., aqy3 such that djaiki=wu,3;a;=0
(A-recurrence)

e recurrence relation: Q[K|(x) = Zfi% b;QIK \ kjl(x),
for any € R? and any by, ..., bg,3 such that Zj bjk; = x, Ej bj=1
(B-recurrence)



e knot insertion formula: Q[K] = Z”H?’ QK Uy \ k;l,
for any y € R? and any c1, ..., cg.3 such that Z cikj =y, Z cj=1
(C-recurrence)

e degree zero: From (10) and (11) we obtain for d =0

vola(T) /volo((K)), @« € (K)°,

0, if & ¢ (K). (12)

QIK](x) := {

2 A simplex spline basis for the Clough-Tocher
split

In this section we determine and study a basis of C' cubic simplex splines on
the Clough-Tocher split on a triangle. For fixed € T we use the simplified
notation

A Qp17p2 7pgk]7p[1']'( )7 Z‘7‘7‘7]<:7ZEIN'07 Z+.7+k+1237

where the notation p[rz] denotes that p,, is repeated n times.
When one of the integers i, j, k, [ is zero we have

Lemma 1 Fori, j, k,l € Ny, i+j+k+l=d >0 andx € T with barycentric
coordinates (31, B2, B3 we have

i=0, ‘& = j!;‘i!!“(BQ — 1) (B3 — /31)]6(351)[A,

® ' )
§=0, Ba= i!;cliil!(ﬁl — B2)"(B3 — 52)k(352)l‘A,

i+1

k=0, & %(5 — B3) (B2 — ﬁ3)j(353)lA7
= 0, & il 'k"ﬁlﬁ2ﬁ3A’ Bzyk‘( )

where the constant simplex splines are given by

AZMTA@, ‘A:31TQ($)’ A’:mﬁ(;p), ‘&217(@-

(14)

(13)




Proof: Suppose i = 0. The first equation in (13) holds for d = 0. Suppose
it holds for d—1 and let j+k+1 = d. Let 6923, 4 =0,2,3 be the barycentric
coordinates of x with respect to Ty = (py, P, P3), Where p, := p. By the
B-recurrence

: 023& 5023+5023&.

It is easily shown that

928 = By — 1, B = Bs — B, B =3B

Therefore, by the induction hypothesis

:é:jﬂ (d'k';') (]+/€+l)( 023) ( g23)k( 823)ZA

Since j + k + [ = d we obtain the first equation in (13).
The next two equations in (13) follow similarly using

B = By — Ba, B = By — Ba, B =3P,
12 =B — Bs, 012 = (2 — B3, 012 = 303.

Using the B-recurrence repeatedly, we obtain the first equality for [ = 0.
The values of the constant simplex splines are a consequence of (12). [J

Remark 2 For i = 0 we note that the expression J%',l,(ﬁg — B1) (B3 —
B1)*(361)! in (13) is a Bernstein polynomial on Tp. Similar remarks hold

for j.k =0.
C1:= {683 .‘.;Ao} (15)

The set
of all nonzero simplex splines that can be used in a basis for S{(A) contains
precisely the following 13 simplex splines.

Lemma 3 We have

Cl:{A’:i,j,keN, i+j+k=6}U{”}'



Proof: For [ = 0 it follows from Lemma 1 that A} € Si(A) for all

i+ 7+ k = 6. Consider next [ = 1. By the local smoothness property,
C! smoothness implies that each of 4,j,k can be at most 2. But then

1 2 2
, , are the only possibilities. Now if [ = 2 then ¢ 4+ j +

k = 4 implies that one of i, j, k must be at least 2 and we cannot have C'
smoothness. Similarly [ > 2 is not feasible. [

3 S
. B0033 7
Blo2 Bor Sg S
3 3 3 S..S
Bo1 Bi11 Box S, B S,
10
3 3 3 3
Bsoo Bz1o B120 I"'030 31 s2 s3 S4

Figure 2: The cubic Bernstein basis (left) and the CTS-basis (right), where
Bfll is replaced by Sig, S11, S12.

Recall that S{(A) is a linear space of dimension 12, [1]. Thus, in order to
obtain a possible basis for this space, we need to choose 12 of the 13 elements
in C1. Since C1 contains the 10 cubic Bernstein polynomials we have to

1 2 2
include at least t f . 1 t tric basi
include at least two o , , We also want a symmetric basis

and therefore, we have to include all of them. But then one of the Bernstein
polynomials has to be excluded. To see which one to exclude, we insert the

knot p; = —p; — p, + 3p7 into A and use the C-recurrence to obtain

A A A+3A or by (13)
+ + = 3B}, (x). (16)

Thus, in order to have symmetry and hopefully obtain 12 linearly indepen-
dent functions, we see that Bj;; is the one that should be excluded.
We obtain the following simplex spline basis for S3(A).



Theorem 4 (CTS-basis) The 12 simplex splines Si,...,S12 , where

Sj(x) := Bj(z), where Bj is given by (7) j =1,...,9,
.
So(x) : Q
= (B3 — B30 + (Bl — Biso) 175 + (Bl — Bioa — Bija + 2Bios) 173

1 2
Sul®) = 3

= (B}, — B3y — Biy1 +2B3y0) 171 + (Bia1 — Biso) 17 + (B — Bis) 17
2

Siale) = 5 SO,

= (Bjo1 — Bioo) 17 + (B — Biag — Bl + 2Biso) 17, + (Bl — 3803)(11773)~

form a partition of unity basis for the space S3(A) given by (1). This basis,
which we call the CTS-basis, is the only symmetric simplex spline basis
for SY(A). On the boundary of T the functions Sio, S11,S12 have the value
zero, while the elements of {S1,Sa,...,S9} reduce to zero, or to univariate
Bernstein polynomials.

Proof: By Lemma 1, it follows that the Bernstein polynomials By, ..., By
are cubic simplex splines, and the previous discussion implies that the func-
tions in (17), apart from scaling, are the only candidates for a symmetric
simplex spline basis for S§(A).
1
We can find the explicit form of using either the B- or C-recurrence

(see definitions at the end of Section 1) . Consider the C-recurrence. Insert-

10



ing p; twice and using p; = — p3 + 3py and (13) we find

6%~ 6% 6% 3@&@

6% " 600 5%~ 6% "'g8e

= (81 — B2) A + (81— Bs) o@, - 3@0&, s
—3(61 = 83)* (B2 — ﬁ?,)o@, + 9/3%/32(&,

= (b1 - ﬁz)f”o@. +[(B1 = B5)* = 3(B1 — Bs)* (B2 — Bgﬂ‘@o

+351(362 — &)A,-

Using (9) and Lemma 1, we can write BA, = Aﬁ-‘&ﬁ-‘@,, SO

that

262 = [(B1 — B2)* + B(3B2 — ﬁ1)]A + B3 (382 — BI)A

+[(B1 = B3)*(B1 — 382 + 2B3) + BE(362 — 51)]&

= (36382 — B?)A + (381585 — BS’)A

+ (68318283 — 3B1335 — 33235 + 255’)&.

By symmetry we obtain

_l’_

(19)

2

1@2 = (6815233 — 337 B2 — 3576 + 25%)&’

+ (36283 — 53)A + (3825 — ﬁéi’)&,
, (20)
(8 - (355 — A1) @ + 35155 ~ B 0,

+ (6818285 — 3B1B3 — 333583 + 263)&.

The formulas for Sig, S11 and Sis in (17) now follows from (19) and (20)
using (3) and (14).

11



By the partition of unity for Bernstein polynomials we find

12
> Six)= > Bl(x) =1, zcT.
j=1 it+j+k=3

It is well known that ijk reduces to univariate Bernstein polynomials
or zero on the boundary of 7.

Clearly S; € C(R?), j = 10,11,12, since no edge contains more than
4 knots. This follows from general properties of simplex splines. By the
local support property they must therefore be zero on the boundary. It also
follows that S; € C1(T), j = 10,11, 12, since no interior knot line contains
more than 3 knots.

It remains to show that the 12 functions S;, j = 1,...,12 are linearly
independent on 7. Suppose that Zjlil ¢;Sj(x) = 0 for all € € T and let
(B1, B2, B3) be the barycentric coordinates of . On the edge (p;, py), where
B3 = 0, the functions S, j = 5,...12 vanish, and thus

12
Z ¢;Sj(x) = c1Bigy () + c2B314() + 3 Bigg(x) + caBiag () = 0.
j=1

On (py,py) this is a linear combination of linearly independent univariate
Bernstein polynomials and we conclude that ¢ = ¢co = ¢3 = ¢4 = 0. Simi-
larly ¢; = 0 for j = 5,...,9. It remains to show that Sig, S11 and Si2 are
linearly independent on 7. For x € 73 and 83 = 0 we find

0510
983
We deduce that ci9p = 0 and similarly ¢11 = ¢12 = 0 which concludes the

proof. [J
In Figure 3 we show graphs of the functions S1g, S11, S12.

0S; .
|g5=0 = 68152 # 0, 873:‘;‘[33:0 =0, j=11,12.

3 Two Marsden identities and representation of
polynomials

We give both a barycentric and a Cartesian Marsden-like identity.

Theorem 5 (Barycentric Marsden-like identity) Forw := (uj,ug,us),
B = (B1, B2, 83) € R® with $; >0, i =1,2,3 and B1 + 2 + B3 = 1 we have

(BT u)? = u}S1(B) + ufuaS2(B) + u1u3Ss(B) + u3Ss(B) + uzusSs(B)
+ ugu3 Se(B) + u3S7(8) + uruzSs(B) + uiusSo(B) (21)
+ uruguz (S10(B) + S11(8) + S12(8)).

12



705

Figure 3: The CTS-basis functions Sig,S11,512 on the triangle
((0,0),(1,0),(0,1)).

Proof: By the multinomial expansion we obtain

3!

(Biu1 + Baug + Bauz)® = Z HHIA

i+j+k=3
_ i, ] kB3
= uj uyuz Bijp.(8)-

itj+k=3

(Brur)'(Bauz)? (Bauz)”

Using B3|, = S10 + S11 + S12 and the ordering in Theorem 4 we obtain
(21). O

Corollary 6 For I,m,n € Ny with l + m +n < 3 we have an explicit
representation for lower degree Bernstein polynomials in terms of the CTS-

13



basis (17).

= () (O
()G ()

() ) @) ()
GG )

where (8) =1 and () :=0if s >r.

+

A
+
n
S
~—
N——

(22)

Proof: Differentiating, for any d € Ny, (Byu1+Bous+B3u3)? a total of [, m, n
times with respect to ui, uo, us, respectively, and setting u; = uo = ug =1
we find

d!
@ TV
= > =1 =1+ 1. G—m+Dk...(k—n+1)B,
i+j+k=d

and by a rescaling

d -1 N\ (7\ [k
Blitmtn B, < d.
() S D e

i+j+k=d
(23)
Using (17) with d = 3, we obtain (22).00
As an example, we find
1
Bl = §(351 + 253 + S5 + Ss + 259 + S10 + S11 + S12).
Theorem 7 (Cartesian Marsden-like identity) We have
(1+xTv) Z@D] ), €T, veR? (24)
where the dual polynomials in Cartesian form are given by
3
=]]0+d]w), j=1,...,12, veR. (25)

=1

14



Here the dual points d; := [d;1,d;2,d;3], are given as follows.

d; P P1 P
ds P1 D1 P2
ds D1 P2 D2
dy P> P2 P2
ds D2 P2 P3
d6 — D> DP3 D3 ) (26)
dr Ps D3 P3
ds P1 P3 D3
dy P1 P1 P3
dio P1 P2 D3
di1 P1 D2 P3
[di2 | |P1 P2 D3]

The domain points pj in (8) are the coefficients of « in terms of the CTS-
basis

12
T = Zp;Sj(a:), (27)
j=1

where piy = pi; = Piy = Pr-

Proof: We apply (21) with 1, 52, 83 the barycentric coordinates of & and
u; =1+ plv,i=1,2,3. Then

Brur + Bous + Bauz = B1 + Pa + B3 + Bipi v + Bapi v + Bapiv =1+ 2w

and (24), (25), (26) follow from (21). Taking partial derivatives in (24) with
respect to v,

12
(Ouys 0u) (1 + @"0)? = Ba(1+ 2"0)? =~ (y,, 00,) 105 (v) S (),

=1

where (8U1,8U2)wj(v) = j71(1—|—d§:2v)(1+d}:3v)+dj72(1+d§:111)(1+d373'v)+
dj3(1+ dflv)(l + d}ij). Setting v = 0 we obtain (27). O

Note that the domain point p; for Bj;; has become a triple domain
point for the CTS-basis.

Following the proof of (27) we can give explicit representations of all the
monomials z"y® spanning P3. We do not give details here.

15



4 Three quasi-interpolants

We consider three quasi-interpolants on Si(A). They all use functionals
based on point evaluations and the third one will be used to estimate the
L condition number of the CTS-basis.

To start, we consider the following polynomial interpolation problem on
7. Find g € P3 such that g(p}) = fi, where f := [f1,..., fio]? is a vector
of given real numbers and the p} given by (8) are the domain points for the
cubic Bernstein basis.

Using the ordering (7), we write g in the form Z}il ¢;B; and obtain the
linear system

10
> ¢Bi(p}) =fi, i=1,...,10,
7=1

or in matrix form Ac = f for the unknown coefficient vector ¢ := [cy, .. ., c10]” .
Since Bio(p}) = B3,1(p) = 0 for i = 1,...,9 the coefficient matrix A is
block triangular
A1 O
a0, -

and if A; and Ajs are nonsingular then

ATl 0 B, 0
-1 _ 1 _ 1
A [_A3-1A2A1-1 Agl}[Bz B:a]' (29)

Using the barycentric form of the domain points in (8) we find Ay =
[1,3,3,1,3,3,1,3,3]/27, A3 = B}, (3,3,3) = 2,

3373
(27 0 0 0 0 0 0 0 0
8 12 6 1 0 0 0 0 0
1 6 12 8 0 0 0 0 0
L, |0 0 0200 0 0 0 0
Aji=5-| 0 0 0 8 12 6 1 0 0 € R (30)
0 0 0 1 6 12 8 0 0
00 0 0 0 0 27 0 0
1 0 0 0 0 0 8 12 6
L8 0 0 0 0 0 1 6 12

16



and

6 0 0 0O 0 0 0 0 07
-5 18 =9 2 0 0 0 0 O
2 -9 18 =5 0 0 0 0 0
o0 0 0 6 0 0 0 0 0
B1—A1_1:6 0o 0 0 -5 18 -9 2 0 0 |,
0 0 0 2 -9 18 -5 0 0 (31)
O 0 0 0 0 0 6 0 0
2 0 0 0 0 0 -5 18 -9
L5 0 0 0 0 0 2 -9 18 |
9 1
B3 = [5], By := —B3AsB; = ﬁ[4’ —-9,-9,4,-9,-9,4, -9, —9].
Define QIP :C(T) = P3 by
10 10
=Y M(HBi N ()= i f(p5), (32)
i=1 j=1

where the matrix o :== A~! has elements @ j in row i and column j, 7,j =
.,10. We have

Zasz pk Zazkakd 7], i,j:1,...,10.

It follows that QI (g) = g for all g € P5. Since Bj=8;,7=1,...,9 and
Big = Bi’ll = S10 + S11 + S12 the quasi-interpolant

QIT : C(T) = Sy(A), QIT(f) ZAP Siv A=A =AM, (33)

where A\ (f) is given by (32), i = 1,..., 10, reproduces P5. Moreover, since
forany f € C(T) and z € T

1<e<12 1<:<10

12
QI”(f)(x)] < max \(£)] D Si(x) = max [A(f)],
=1

we obtain

1QIF ()lrw () < Nelloollfll 2o = 101f1 Lo ()

17



independently of the geometry of 7.

Using the construction in [8], we can derive another quasi-interpolant
which also reproduces P3. It uses more points, but has a slightly smaller
norm. Consider the map P : C(T) — S3(T) defined by P(f) = 32,2, My(£)Se,
where

:%(f(dm) + f(deg) + f(des)) + gf(p’é)

(et (e ()

My(f) -

Here the dy,, are the dual points given by (26) and the pj are the domain
points given by (27). Note that this is an affine combination of function
values of f.

We have tested the convergence of the quasi-interpolant, sampling data
from the function f(x,y) = €***¥ 4+ 52 4+ Ty on the triangle A = [0, 0],
B = hx[1,0], C = h«[0.2,1.2] for h € {0.05,0.04,0.03,0.02,0.01}. The
following array indicates that the error: ||f — P(f)|1.. (7, is O(h%).

h 0.05 0.04 0.03 0.02 0.01
error/h* | 0.0550 | 0.0547 | 0.0543 | 0.0540 | 0.0537

Using a standard argument the following Proposition shows that the
error is indeed O(h?) for sufficiently smooth functions.

Proposition 8 The operator P is a quasi-interpolant that reproduces Ps.
For any f € C(T)

1P Loy < Ol Loc ) (34)
independently of the geometry of T. Moreover,
1f = P(H)llpw(r) < 10 inf [|f = glloo(7)- (35)
gePs

Proof: Since diy = di1 = di2 and Bio’u = S0 + S11 + Sto, B?jk =5

for (i,7,k) # (1,1,1) and some ¢, we obtain P(f) =3, 3 Mmk(f)Bf’jk
where M;;, = M, for (i,7,k) # (1,1,1) and corresponding ¢ and M1 =
3My.

To prove that P reproduces polynomials up to degree 3, i.e., P(ijk) =

Bf’jk, whenever i + j + k = 3, it is sufficient to prove the result for B3y,
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B3, B3,1, using the symmetries. From the following initial values,

p Bi(p) | B3o(p) | Biy(p)
D1 1 0 0
(2p1 +p2)/3 | 8/27 | 4/9 0
(P +2po)/3 | 1/27  12/9 0
(P +2p3)/3 [1/27 |0 0 (36)
(2p; +p3)/3 |0 0 0
(P +pPy+p3)/31/27 |1/9 2/9
(pL+p2)/2 |1/8 3/8 0
(pr+p3)/2 [1/8 0 0

2py + p3 P+ 2p3

and the fact that the three polynomials are zero at ps,

3 ’ 3 ’
D3, %, it is easy to compute that
M300(B§00) = 17 M300(B?jk) =0 for (Lj? k) 7& (37010)7
MQlO(BSIO) = 1, M210(B7§))jk) =0 for (i7j7 k) 7£ (27 1a0)a

M (B3,) = 1, Mlll(Bf’jk):Ofor (i,4,k) # (1,1,1).

Therefore, by a standard argument, P is a quasi-interpolant that repro-
duces P3. Since the sum of the absolute values of the coefficients defining
M,(f) is equal to 9, another standard argument shows (34) and (35). O

The operators QI and P do not reproduce the whole spline space
S%(A) Indeed, since )\ﬁ)(BIO) = M10(310> = 1, we have )\ﬁ)(Sj) = Mlg(Sj) =
1,7 =10,11,12.

To give un upper bound for the condition number of the CTS-basis
we need a quasi-interpolant which reproduces the whole spline space. We
again use the inverse of the coefficient matrix of an interpolation problem to
construct such an operator. We need 12 interpolation points and a natural
choice is to use the first 9 cubic Bernstein domain points pj, j=1,...,9and
split the barycenter pj, = ps into three points. After some experimentation
we redefine pj, and choose pj, := (3,3,1)/7, p}; := (3,1,3)/7 and pj, :=
(1,3,3)/7. The problem is to find s = Zjlil ¢;S; such that s(p}) = fi,
1 =1,...,12. The coefficient matrix for this problem has again the block
tridiagonal form (28), where A; € R?*? and B := A[! are given by (30)
and (31) as before. Moreover, using the formulas in Theorem 4 we find

1 38 8 8
Ay =[S, = 55 | 8 8 38 | RV
8 38 8
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This matrix is nonsingular with inverse

7889 686 686

810 7405 T 405

oAl 686 686 7889
B3 := A3 = T405 405 810
__ 686 7889  _ 686

405 810 105

With Ay = [B;(p})]; 21y j—1 We find

27 81 81 27 27 9 1 9 27
27 27 9 1 9 27 27 81 81 | e R¥Y,
1 9 27 27 81 81 27 27 9

1

A2 =353

and then (29) implies

o’ =A"1 = [Bl 0},

B; Bj

where
643 _ 191 _191 643 _ 8 79 _ 178 _8 19
810 60 — 60 810 60 60 105 60 60
— _ | _178 79 83 643 _191 191 643 79 _ 83
By = —B3A;B, 105 60 60 810 60 ~ 60 810 60 60
643 8 79 _ 178 79 8 643 _ 191 _ 191
810 60 60 205 60 60 810 60 — 60

It follows that the quasi-interpolant QI given by

12 12
QI:C(T) = SYA), QI(f) =D _XN(NHSi N(f)=>_ alif®),
i=1 j=1

(37)
is a projector onto the spline space S{(A). In particular
12
S::ZCZ‘SZ‘ — ¢ =X\(s), i=1,...,12. (38)

i=1

The quasi-interpolant (37) can be used to show the Lo, stability of the
CTS-basis. For this we prove that the condition number is independent of
the geometry of the triangle.

We define the co-norm condition number of the CTS-basis on 7 by

ble
(T 1= i 12Nl
c#£0 ||C||oo c70 ||b CHLoo(T)

where bl'c := Zjlil cjS; € SYA).
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Theorem 9 For any triangle T we have koo (T) < 27.

Proof: Since the S; form a nonnegative partition of unity it follows that
maXc;époTCHLoo y/llelloo = 1.

If s = 3.2, ¢;S; = b c then by (38) [ci| = |A? (b ¢)| < [loa||o 1B €ll1... (1)
Therefore,
32

405’

llelloo

g < el = 27 ~
(L Paes

and the upper bound ks < 27 follows. [

5 CY and C'-continuity

In the following, we derive conditions to ensure C° and C' continuity across
an edge between two triangles. The conditions are very similar to the clas-
sical conditions for continuity of Bernstein polynomials across an edge.

Theorem 10 Let 51 = Y12, ¢;S; and sy = Zjlil d;S; be defined on the

7=1
triangle T = (py, Dy, D3) and T := (py, Dy, P3), respectively, see Figure 4.
The function s = sLoon 7: is continuous on T U T if
sy onT
d1 =C1, d2 = C2, d3 = C3, d4 = C4. (39)

Moreover, s € CYH(T UT) if in addition to (39) we have

ds = y1¢3 4+ Y2c4 + 3¢5, dg = y1c1 + Y202 + Y39, dio = Y1€2 + Y2¢3 + Y3C10-
(40)
where v1, Y2, 73 are the barycentric coordinates of ps with respect to T .

Proof: Consider s; on the edge (p;,py). On that edge only Si,S3, S35, S
can be nonzero and they reduce to linearly independent univariate Bern-
stein polynomials. If s € C(T) then Sy, Ss, S5, Sy must reduce to the same
Bernstein polynomials on (p;, py). But then (39) follows from linear inde-
pendence.

Suppose next (39) holds and s € C*(TUT). By the continuity property
we see that S;, j = 6,7,8,11,12 are zero and have zero cross boundary
derivatives on (p;, p,) since they have at most 3 knots on that edge. We take
derivatives in the direction u := p3 — p; using the A-recurrence (defined at
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Figure 4: C'-continuity and splines components

the end of Section 1) with a := (3 — 1,72,73,0) for s; and a := (1,0, 1,0)
for so. We find with = € (p;, p,)

1 1
30uSi(x) = 38%&, =(n - I)A = (71 — 1) B3y (),
1 1
gau52(=’13) = 3au& =(n— 1)& + 72
= (y1 — )B}j(x) + 712 B3 (),
1 1
§8US3($) = 38u& = (71 — 1) Bioo () + 2B (),
1 1 )
§8u84(:13) = gau = 72 Bjao(), (41)
1 1
gauSs(w) = 38u‘& = Y2851 () + y3Bia (),
1 1 _ 2 2
gauSQ(m) = gau = (11 — 1) Bip1(z) + v3B3g0(x),
=g 1By gl o
30u 10(x) = 50ug@y —g(’h— ) . ‘f‘g’)’z ' +§’Ys
1
= 3’73& = 13B71o().

1
The last equality follows from (13) since 83 = 0 on (p;, p,) so that 162 =

1 ~
261 =0 and & = 3B},y(z). Consider next S;j. By the same argument

as for S;, we see that S’j, Jj = 6,7,8,11,12 are zero and have zero cross
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boundary derivatives on (p;,py). We find for & € (p;, p,)

1
~ 0O
3

(51,52, 83,54, 55, S, S10 (@) = [~ B3ng, —Bt19, —Biao, 0, Btag, —Bior +Baog, Biio) (2)
We note that on (p;, p,), the polynomials B, By, Bén, B?,, vanish and

B}, = BZ,. To obtain C' smoothness, we need 0,,5; = 9,,S; for j =
1,2,3,4,5,9,10 on (py,py). Using d; = ¢;, i = 1,2,3,4 we then obtain

Wl

(8u51(m) — 8u82($)) = (61(’}/1 — 1) + c27y2 + C9y3 + €1 — dg)B%OO(m)

+ (62(71 — 1)+ 372 + cro73 + 2 — le)B%m(m)

+ (e3(v1 — 1) + cay2 + 573 + 3 — ds) Biyo(x) = 0.

(42)
By linear independence we obtain the formulas for ds, dg, d1g. [J
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Figure 5: C! smoothness

In Figure 5, we illustrate C' smoothness by connecting two triangles
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A,B,C and A,B,D with A4 = [0,0], B = [1,0], C = [0.2,0.8], D =
0.6, —0.4].

6 The Hermite basis

The classical Hermite interpolation problem on the Clough-Tocher split is
to interpolate values and gradients at vertices and normal derivatives at the
midpoint of edges, see Figure 1.

————————— \ /“W\\
< AN
A o
A\
2 ® v 4 \
\\ L \\
e X 05 \\l

Figure 6: The Hermite basis functions Hy, Ho, H3, H1g on the unit triangle.

These interpolation conditions can be described by the linear functionals

p(f) =[p1(f), -, p12( ) = [f(p1), D0 (1) D01 f (1), f(P2), D10 f (Do),
80,1f(p2)7 f(p3)7 al,Of(p?))? a0,1.](.(1)3)7 an1f(p5)7 8n2f(p6)7 8’"«3f(p4)]T7

where D4, Ps5, Pg, are the mideintS on the edges <p17p2>7 <p27p3>7 <p37p1>7
respectively, and Oy, f is the derivative in the direction of the unit normal to

that edge in the direction towards p;. Welet p; = (x,y;) be the coordinates
of each point. The coefficient vector ¢ := [cy,...,c12]” of the interpolant
g:= 23111 ¢;Sj is solution of the linear system

Ac = p(f), where A € R'**'? with a; ; := p;(S;). (43)

Let Hji,..., Hiz be the Hermite basis for S}(A) defined by p;(H;) =
0; ;. The matrix A transforms the Hermite basis to the CTS-basis. Since a
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basis transformation matrix is always nonsingular, we have
[Si,...,S12) = [Hy,...,Hi2]A, [Hy,...,Hio] =[S1,...,S12]A7L (44)
To find the elements p;(S;) of A we define for i,j,k =1,2,3

Vij = sz‘jHZa Pij ‘= Pi — Pj, Tij ‘= Xy — Ty, Yij = Yi — Yy,
T 1 1 1
I . 45
Vijk = %’ for ¢ ?é j, 0:= r1 T I3 ( )
Y Y1 Y2 Y3

We note that v;j is the length of the projection of p;; in the direction of
p;,; and that § is twice the signed area of T.

By the definition of the unit normals and the chain rule for j =1,...,12
we find

01,057 = (y2305,S;j + Y3195, 5; + Y1205, 5;) /9,
00,155 = (23208, Sj + 11308, S; + £2108,5;) /6,
OnySj = (y2301,05; + £3200,155) /32 = (v320p, 55 + 123105, S; + V32105, 5;) /6,
On,Sj = (y3101,05; + 1300,155)/v31 = (v13208, Sj + 13108, S + 131203, 5;) /9,

817,35]' = (ylgalyosj + 1‘2180715j)/V21 = (1/1238515]' + V213852Sj + l/zlaggsj)/(s.
This leads to

A= [Al 0 ] , with A; e R??, A, e R??, Az e R33,

Ay Aj
where
[0/3 0 0 0 0 0 0 0 0
y23 y31. 0 0 0O O O 0 w2
32 X13 0 0 0 0 0 0 21
3 0 0 0 /3 0 0 0 0 0
A= 5 0 0 w3 w31 y12 0 O 0 O],
0 0 32 X13 I21 0 0 0 0
0 0 0 0 0 0 46/3 0 0
0 0 0 0 0 w31 w2 w3 O
L 0 0 0 0 0 Ir13 T21 I32 0 |
the rows of Ay are given by

3

Ar(1) == % (0,0, v32, vo31, V231 — V32, V391 — V32, V321, V32, 0],
3

As(2) == oF; (132,131, 0,0,0, 131, V312, V312 — V31132 — V31,
3

As(3) = o [V123, V123 — Vo1, V213 — Va1, v213, 121, 0, 0,0, v21 |
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and

3 0 V39 0
A3 = % 0 0 V31
V21 0 0
We find
B 0
-1._ 1 _ 12
AT = |:B2 B3:| - [bivj]i,j:17
where
3 0 0 0 O 0 0 0 0
3 221 y1 0 0 0 0 O 0
0 0 0 3 12 Y12 0 0 0
1 0 0 0 3 0 0 0 O 0
B = ;1:§ 0 0 0 3 a3 w3 0 0 0 |ecRY™,
0 0 0 0 0 0 3 w23 w23
0 0 0 0 O 0 3 0 0
0 0 0 0 0 0 3 r13 Y13
13 w31 y31 0 0 O O O O
o5 [0 0 vyt
By:= A;' = 5 veg 0 0 | eR¥S

0 vyt 0

and the rows of By = —B3AyB; € R3*? are given by

Bs(1) := 6u121 [ — 61193, T121193 + V21203, Y12V123 + V21Y23, —61213,
T91V213 + V21213, Y21v213 + V21413, 0,0, 0],
By(2) = 6y132 [0,0,0, —61231, Ta3va31 + V32231, Y2331 + V32ys1, —6U321,
T23V231 + V32221 + V32723, Y23V/231 + V32Y21 + V323/23],
Bs(3) = 61}31 [ — 6v132, Z13V132 + V31232, Y13V132 + V31y32, 0,0, 0,

— 6312, T31V312 + V31212, Y31V312 + u31y12]-

As an example, on the unit triangle (p;,p,,p3) = ((0,0),(1,0),(0,1)) we
find

1 1 1
S AR
Bo=10 0 0 5 -3 1 3 1 ~&
1 -1 1 0 0 0 0 -t o0
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Some of the Hermite basis functions are shown in Figure 6.

We have also tested the convergence of the Hermite interpolant, sampling
again data from the function f(z,y) = €?**¥ + 5z + 7y on the triangle
A =10,0], B=hx[1,0], C = hx[0.2,1.2] for h € {0.05,0.04,0.03,0.02,0.01}.
The following array indicates that the error: || f — H(f)||L () is O(h?).

h 0.05 0.04 0.03 0.02 0.01
error/h* | 0.1650 | 0.1640 | 0.1630 | 0.1620 | 0.1610

7 Examples

Several examples have been considered for scattered data on the CT-split,
see for example [4, 9]. Here, we consider a triangulation with vertices p; =
(0,0), P, = (1,0), Py = (3/2,1/2), py = (~1/2.1), p5 = (1/4,3/4), pg =
(3/2,3/2), p; = (1/2,2) and triangles T1 := (py, P, P5), T2 := (P2, P3, P5),
15 := (P4, P1,Ps5); Ta = (P3,P6:P5)s Ts = (Pg, P4sP5)s T := (Pa, Ps, P7)-
We divide each of the 6 triangles into 3 subtriangles using the Clough-Tocher
split. We then obtain a space of C' piecewise polynomials of dimension
3V+FE =3x7+12 = 33, where V is the number of vertices and E the
number of edges in the triangulation. We can represent a function s in this
space by either using the Hermite basis or using CTS-splines on each of the
triangles and enforcing the C; continuity conditions. The function s on T}
depends on 12 components, while the C''—continuity across the edges gives
only 5 free components for 75,73 and Ts. Closing the 1-cell at ps5 gives only
one free component for 75 and 5 free components for Ty , Figure 7 left.

In the following graph, Figure 7, right, once the 12 first components on
T7 were chosen, the other free ones are set to zero. Then, in Figure 8, we
have plotted the Hermite interpolant of the function f(z,y) = e***Y 45247y
and gradients using the CTS-splines.
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