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Abstract

Hermite subdivision schemes act on vector valued data that is not only considered as
functions values of a vector valued function from R to R”, but as evaluations of r consec-
utive derivatives of a function. This intuition leads to a mild form of level dependence of
the scheme. Previously, we have proved that a property called spectral condition or sum
rule implies a factorization in terms of a generalized difference operator that gives rise to
a “difference scheme” whose contractivity governs the convergence of the scheme. But
many convergent Hermite schemes, for example, those based on cardinal splines, do not
satisfy the spectral condition. In this paper, we generalize the property in a way that pre-
serves all the above advantages: the associated factorizations and convergence theory.
Based on these results, we can include the case of cardinal splines in a systematic way
and are also able to construct new types of convergent Hermite subdivision schemes.

Keywords: Taylor operator Hermite subdivision spectral condition polynomial chain.

1 Introduction

Subdivision schemes, as established in [1], are efficient tools for building curves and surfaces
with applications in design, creation of images and motion control. For vector subdivision
schemes, cf. [8, 10, 18], it is not so straightforward to prove more than the Holder regularity
of the limit function, due to the more complex nature of the underlying factorizations. On
the other hand, Hermite subdivision schemes [7, 11, 12, 13, 9] produce function vectors that
consist of consecutive derivatives of a certain function, so that the notion of convergence
automatically includes regularity of the leading component of the limit. Such schemes have
even been considered also on manifolds recently [19] and have also been used for wavelet
constructions [5]. While vector subdivision schemes are quite well-understood, nevertheless
there are still surprisingly many open questions left in Hermite subdivision. In particular, a
characterization of convergence in terms of factorization and contractivity is still missing as
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it is known in the scalar case: a subdivision scheme is convergent if and only if it can be fac-
torized by means of difference operators and the resulting difference scheme is contractive.

In previous papers [6, 15, 16], we established an equivalence between a so—called spectral
condition and operator factorizations that transform a Hermite scheme into a vector scheme
for which analysis tools are available. Under this transformation, the usual convergence of
the vector subdivision scheme implies convergence for the Hermite scheme and thus regu-
larity of the limit function. It was even conjectured for some time that the spectral condition,
sometimes also called the sum rules [4, 12] of the Hermite subdivision scheme, might be nec-
essary for convergence. Already in [14] this was relaxed to some extent by considering proper
similarity transforms of the mask that gave slightly generalized sum rules.

In this paper we show, among others results, that this conjecture does not hold true. We
define a new set of significantly more general spectral conditions, called spectral chains, that
widely generalize the classical spectral condition from [6] and show that these spectral condi-
tions are more or less equivalent to the existence of a factorization with respect to respective
generalized Taylor operators and allow for a description of convergence by means of contrac-
tivity. Indeed, we conjecture that these factorization can be used to eventually characterized
the convergence of Hermite subdivision schemes by means of contractive different schemes.
We then define a process that allows us to construct Hermite subdivision schemes of arbi-
trary regularity with guaranteed convergence and, in particular, give examples of convergent
Hermite subdivision schemes that do not satisfy the spectral condition. In addition, our new
method can be applied to an example based on B—splines and their derivatives which was
one of the first examples of a convergent Hermite subdivision scheme that does not satisfy
the spectral condition, [14].

The paper is organized as follows: after introducing some basic notation and the con-
cept of convergent vector and Hermite subdivision schemes, we introduce the new concept
of chains and generalized Taylor operators in Section 4 and use them for the factorization of
subdivision operators in Section 4. These results allow us to extend the known results about
the convergence of the Hermite subdivision schemes to this more general case in Section 5.
Section 6 is devoted to the construction of a convergent Hermite subdivision scheme emerg-
ing from a properly constructed contractive vector subdivision scheme by reversing the fac-
torization process, even in the generality provided by generalized Taylor operators. Finally,
we give some examples of the results of such constructions in Section 7, and also provide a
new approach for the aforementioned spline case.

2 Notation and fundamental concepts

Vectors in R”, r € N, will generally be labeled by lowercase boldface letters: y = [y;] 720,71

ory=[yP]._ . where the latter notation is used to highlight the fact that in Hermite
y y Jj=0,..,r-1 ghiig

subdivision the components of the vectors correspond to derivatives. Matrices in R"*" will be
written as uppercase boldface letters, such as A = [a] k=0, 71" The space of polynomials
in one variable of degree at most n will be written as I1,,, with the usual convention I1_; = {0},
while IT will denote the space of all polynomials. Vector sequences will be considered as
functions from Z to R" and the vector space of all such functions will be denoted by ¢(Z,R")



or ¢’ (Z). For y(-) € £(Z,R"), the forward differenceis defined as Ay(a) := y(a+1)—y(a), € Z,
and iterated to A’y := A(Aly) = Aly(- +1) - Aly(), i = 0.

We use 0 to indicate zero vectors and matrices. If we want to highlight the dimension of
the object, we will use subscript 04, but to avoid too cluttered notation, we will often drop
them if the size of the object is clear from the context. Moreover, we will use the convenient
Matlab notation A}, ¢ and a;.j to denote submatrices and subvectors.

Given a finitely supported sequence of matrices A = (A(a))qez € €7 (2), called the mask
of the subdivision scheme, we define the associated stationary subdivision operator

Sazc— Y A(-2P)c(f), cel' (.
pez
The iteration of subdivision operators S4,, n €N, is called a subdivision scheme and consists

of the successive applications of level-dependent subdivision operators, acting on vector val-
ued data, Sy, : 0" (Z) — ¢ (Z), defined as

Cn1(@) =8Sa,6n(@):= ) Ap(a-2B) cn(B), ae€Z,  cel"D. e))
pez
An important algebraic tool for stationary subdivision operators is the symbol of the mask,
which is the matrix valued Laurent polynomial

A*(2):= ) A@z%  zeC\{0}. )
aeZ
We will focus our interest on two kinds of such schemes, the first one being “traditional” vec-
tor subdivision schemes in the sense of [1], where A, is independent of n, i.e., A,(a) = A(a)
for any a € Z and any n = 0. In the following, such schemes for which an elaborate theory of
convergence exists, will simply be called a vector scheme. Their convergence is defined in the
following way.

Definition 1 Let Sy : 07 (Z) — ¢"(Z) be a vector subdivision operator. The operator is CP—
convergent, p = 0, if for any data g € " (Z) and corresponding sequence of refinements g, =
S8, 8o := &, there exists a function wg € CP (R,R") such that for any compact K < R there
exists a sequence €, with limit 0 that satisfies

max_ g, (@)-vg(2"all|, <éen ®)

As the second type of, now even level-dependent, schemes we consider the Hermite scheme

1
1

where A, (@) = D™""! A(a) D" for a € Z and n > 0 with the diagonal matrix D := 2

1
2d
In this case r =d +1 and for k =0,...,d the k-th component of ¢, (a) corresponds to an ap-

proximation of the k-th derivative of some function ¢, at a27". Starting from an initial se-
quence ¢g, a Hermite scheme can be rewritten

D" ¢p1(@)=D"SaD" cp(@)= Y A(a-2B)D"c,(f), a€Z n=0. 4)
pez



Convergence of Hermite schemes is a little bit more intricate and defined as follows.

Definition 2 Let A € ¢94+Vxd+1)(7) be a mask and H A the associated Hermite subdivision
scheme on (4*1(Z) as defined in (4). The scheme is convergent if for any data fo€ 09+ (7)
and the corresponding sequence of refinements f, = [ f,(lO),..., ,gd)]T, there exists a function
® = [ilo<i<d € C(R,Rd“) such that for any compact K c R there exists a sequence €, with
limit 0 which satisfies

max max
0<i<daeZn2"K

F9(@) - (2‘”a)| <&y 5)
The scheme H_, is said to be CP—convergent with p = d if moreover ¢ € CP (R,R) and
V=¢p; 0<is<d.

Remark 3 Since the intuition of Hermite subdivision schemes is to iterate on function values
and derivatives, it usually only makes sense to consider CP —convergence for p = d. Note, how-
ever, that the case p > d leads to additional requirements.

The (classical) spectral condition of a subdivision operator has been introduced in [6]. It re-
quests that there exist polynomials p; € I1j, j =0,...,d, such that

pj pj
2 | Py

Sa| . =27/ S j=0,....d. (6)
pﬁ-‘” p;d)

This spectral condition is a special case of a spectral chain that will be defined in Definition 21.

3 Generalized Taylor operators and chains

In this section, we introduce the concept of generalized Taylor operators and show that they
form the basis of symbol factorizations. The first definition concerns vectors of almost monic
polynomials of increasing degree.

Definition 4 By V; we denote the set of all vectors v of polynomials in I1; with the property
that

1

v=| : |, u]:j!(-)f+u]-€Hj, ujell;j;. @)

Vo

A vector in'V 4 thus consists of polynomials v; of degree exactly j whose leading coefficient is
normalized to %, and the remaining part of the polynomial v; of lower degree is denoted by u;.

Note that in (7) we always have vy = 1 and uy = 0. Also keep in mind that the vectors v are
indexed in a reversed order, but referring directly to the degree of the object, this notion is
more comprehensible.



We will use the convenient notation of Pochhammer symbols (-); € 1}, j = 0, in the fol-
lowing way:

i1 1
(Jo:=1, Oj=[1c-k, j=1, and [1j:=—0)j j=0. )
k=0 J:
These polynomials satisfy
AW j=jCj-1, ALl =T[1j-1 )

Both {(-)o, ..., (-)j} and {[lo, ..., [] }} are bases of IT; and allow us to write the Newton interpo-
lation formula of degree d at 0,...,d in the form

o Jd . ) ;

=Y (850 @ we= Y (a507) O 1
k=0 k=0

then, since A/ (-)/ = j!, we have that

1 . j-1 (Ak(.)j)(())
- =0+ ) ————[xlk
J! / kg‘o j!
which implies that

VE\/d i=2 vj=[-]j+uj, quHj—l j=0,...,d. (10)

We will use this form in the future to write each v € V; as
v= : +u. (11

Rd+l

Generalizing the Taylor operators operating on vector functions R — introduced in [6,

15], we define the following concept.

Definition 5 A generalized incomplete Taylor operator is an operator of the form

(A -1 % ... x|
Al
T;:= ) X = [ 1 + [tjk]j,k:O ''''' d’ (12)
A -1
1 P
where tjj+1 = —1 and tj = 0 for k < j. In the same way, the generalized complete Taylor
operator is of the form
(A -1 * ... x|
Ta:= e | TG g (13)
A -1
A P




Remark 6 The Taylor operator becomes generalized for d = 2, otherwise we simply recover the
classical case, see Example 16.

Lemma7 Letv:=[vg,...,v5]T bea vector of polynomials in 1% with vy = 1. Then v eV if
and only if there exists a generalized complete Taylor operator Ty such that Tgv = 0.

Proof: For “<” suppose that T,;v = 0 and let us prove by induction on j =0,...,d that v i =
[-]; + u; for some appropriate u; € I1;_;. The assumption vg = 1 ensures that for j = 0 by
simply setting 1y = 0. Now, for 0 < j < d, we assume that v, is of degree m = 0 and write it
in the basis {[-]g,..., ']} as

m m
vier= Y cklle= ). ckllk+cjmlljm+4g,
k=0 k=j+2

with g € [T, hence Ag € ITj_;. By induction hypothesis, we have that v; = [-]; + u;, u; € Il
and vg eIy for k=0,...,j — 1. Then Tyv = 0 implies at row d — j — 1 that

j-1
0 = Avjy—vj+) la-jra-kVk
k=0
m j-1
= Y cller el +Aq=Tlj—uj+ Y ta j14-kVk
k=j+2 k=0
m-1
= Y anlle+(cm-1)[+u,  uelljy,
k=j+1
and comparison of coefficients yields cj2 = -+ = ¢, = 0 as well as ¢j4+1 = 1, hence vj; =

[]j+1+ uj+1 with uj,; € T, which advances the induction hypothesis.
For the converse “=", we note that for any v € V; we have that for j =1

Avi—vjy=[lj1+Auj—[lj-1—uj-1=Auj—uj_1 €Il
and since {vo, eee, l}j_g} is a basis of I 5, the polynomial Av; — v;_; can be uniquely written

as
d

CoVot+ -+ Cj2Vj2=~— Z La—je Va—e
l=d—j+2

which defines the remaining entries of row d — j of T, in a unique way such that T,v =0. O

The last observation in the above proof can be formalized as follows.

Corollary 8 For each v € V there exists a unique generalized complete Taylor operator Ty
such that Tyv = 0.

Definition 9 The generalized Taylor operator of Corollary 8, uniquely defined by
Twv=0, (14)

is called the annihilator of v € V4 and written as T (v). We can skip the subscript “d” because it
is directly given by the dimension of v.



Definition 10 A chain of length d + 1 is a finite sequence V := [vy, ..., v4] of vectors
vij]  [U]
vi=| : |=|: [+ujev; j=0,...,d,
vj,0 []o ]
that satisfies the compatibility condition

Wij+1,1 'Vj+1,j+l
Wi = : =T)) : eR/, j=o0,...,d-1. (15)

Wjt1,j+1 | Uj+1,1
Remark 11 Compatibility is a strong requirement on the interaction between v; and v;.,. In
Vj+1,j+1
general, T (v;) : can only be expected to be a vector of polynomials inIl;,...,Tly, while
Vj+1,1

compatibility requires all these polynomials to be constants.

Due to and by means of the compatibility condition, chains uniquely define a generalized
Taylor operator.

Lemma 12 IfV isachain oflengthd +1, thenw;;j=1, j=1,...,d.

Proof: Since vj,11 = [']1 + ¢ for some constant ¢ due to v; € V, it follows immediately from
the definition (15) that
Wijil,j+1 =Avjs11=1,

as claimed. |

We introduce the convenient abbreviation
Vj

erR“,  j=o0,...d, (16)
04-;

vj:=

where the dimension d is clear from the context.

Proposition 13 For V = [vy,...,vq], vj €V}, j =0,...,d, of length d + 1 the following state-
ments are equivalent:

1. Visachain of length d + 1.

2. Forj=1,...,d, we have

A -wi1 ... —w]‘_l
_ T(v:_ P A .
T(Uj): (V] 1) Z)]] — , w]‘E[R]. a7)
—Wj,j
A



Tway)#j=0, j=0,...,.d. (18)

Proof: To show that 1) = 2), we note that again (15) yields that

Vit s
Vj+1,j+1 ]+1"]+1
0 = T(Vj) : —wj+1=[T(vj)|—wj+1]
, Vj+1,1
Vj+1,1 1
= [T(Uj” - wj+1] Vj+1-

Since T (v j+1) is unique, we deduce that

~ Tw) -w; )

Twp=" "7 07 j=0..d-1, (19)
which directly yields (17).

For 2) = 3) we simply notice that
- o T(yj) * vj _ T(vj)vj _
Twavj=1 4" 0| o =0,

while for 3) = 1) we first observe for j < d that

T(vd)O:j,o:j vj
0

0=Twyv;=

and the uniqueness of the annihilators from Corollary 8 yields that T(wa)o j0 = T(v 7). This,
in turn, implies together with (18) that

'Uj+1,j+11 [ Vj+1,j+1
Tw)) -wjn : Twpy| + |[-win
0="T(v,) Vjy1= A *] Vit11 | = Vj+1,1 ’
* 1 0
o | | 0
which is the compatibility identity (15), hence V is a chain. U

The above proof shows that T(vj) = T(vd)();jyo;j, j=0,...,d, hence all generalized Taylor op-
erators associated to a chain depend only on v,. This justifies the following definition.

Definition 14 The unique generalized Taylor operator T(v4) for a chain V will be written as
T(WV).

Remark 15 Since complete and incomplete Taylor operators differ only on the A or 1 in lower
right corner, there is an obvious extension of the definition to T(V) and the two operators are
equivalent.



Example 16 Letp;=1[1;+qj,qj€llj_1, j=0,...,d, be given. Then

DIk
Uj: p],p;,,p]]
is a chain for the classical complete Taylor operator
[A -1 -1/2! -1/3! ... -1/d!
A -1 -1/2! ... -1/(d-1)!
- A -1 E
Toa:= ‘ ‘ ‘ . (20)
A -1
A

This is exactly the relationship for the classical spectral condition from [6, 15]. Similarly,

i 4T
vj= [pj, Apj, ..., A]pj]
is a chain for the operator ]
A -1 0
Taa:= o ) 1)
"
L A P
Another interesting generalized Taylor operator is
(A -1 ... -1]
Tsa:= U (22)
S
A 4

whose chains, connected to B-splines, we will consider in Example 46 later.

Lemma 17 For any generalized complete Taylor operator T, there exists a chain V of length
d +1 such that Ty = Ty(V).

Proof: The construction of the chain V is carried out inductively. To that end, we recall that
if p € I1is of the form Ap = [-]; for some k € N, then p = [-]x+; + ¢ with some c e R.

Next, letv; €V;, j=0,...,d, be any solution of
Tj *
0 =*

vj

0=Ty0;= 0.
-J

)

or, equivalently, of T jvj =0. Such a solution can be found by setting vo = 1 and then solving,
recursively for k =1,..., j, the equation given by row j — k of the Taylor operator,
k=2
OZAVij—Uj,k_1+Z Li—k,j-¢Vj,e- (23)
2=0



Equivalently, this can be written with respect to the basis {[-lo,..., [']x-1} and using v; ;1 =
[Jk-1+Uj k-1, Uj -1 €Tg_2, as

k-2
0=Avjx—[lk1+ ) Sjkelle,  Sjke€R,
=0
yielding
k-1
ij=[-]k+; Sj-k,e-1["1¢ + ko, k=0,...,],
=1

where the constants ciy € R can be chosen freely. This process yields polynomial vectors
v;j €V, such that ijj =0,j=0,...,d.

Thus, it follows from the uniqueness of the annihilating Taylor operator from Corollary 8
that Tj =T j)» and decomposing the identity

0= T(Vj+1)vj+1 = Tj+1”j+1 = [ T((l)}j) _Aw Vij+1, we RjH;
yields
Uj+1,j+1
Tw)) : =Sw=1wj, (24)
Vj+1,1
which is exactly the compatibility condition (15) needed for V to be a chain. (]

Corollary 18 In the chain V from Lemma 17 the constant coefficients of the polynomials vy,
j=1,...,d, k=1,...,j, can be chosen arbitrarily.

Remark 19 The chain associated to a generalized Taylor operator is not at all unique, see also
Example 16.

The next result shows that any polynomial vector in V; can be reached by a chain of length
d+1.

Proposition 20 Forany v €V there exists a chainV = [vy,...,v4] of lengthd+1 withv, = v,
ie, T(V)=T().

Proof: Again we prove the claim by induction on d. The case d = 0 is trivial as the only
chain of length 0 consists of v = 1. For the induction step, we choose v € V4, d > 0 and the
associated generalized Taylor operator T (v) as in Definition 9. Then we know from Lemma 17
that there exists a chain V = [vy, ..., v4] of length d + 1 such that T(v)V = 0. Suppose that
vy # v and, in particular, that v4,(0) = v;(0) — 1, which is possible according to Corollary 18.
With
[-la [la
v= : +u, vy = : +ug, Ug=Ugq0=0,

[lo [lo

10



we find that
Ug—Ud,d

0=TWw)(w-vy)=TW) 5 = T(v)
Uy —UuUgn
0

v/
o |

where u; — ug1 = v1(0) — v4,1(0) = 1. In addition, Lemma 7 yields that v’ € V;_; and therefore
the decomposition

~ [ TW) -w d
T(v)—[ 0 A ], w e R",
and
Vg v.d
e [T -w Sl (T | -w

0=TWwv= 0 A ] o = "
1
1 A

compatibility between v’ and v. By the induction hypothesis, there exists a chain V' of length
d with v;_; = v' and since v’ is compatible with v, this chain can be extended to length d + 1
with v/, = v. O

4 Chains and factorizations

We now relate the existence of a spectral chain to factorizations of the subdivision operators,
thus extending the results first given in [15] for the classical Taylor operator.

Definition 21 A chainV of length d+1 is called spectral chain for a vector subdivision scheme
with mask A € ¢\@+D>d+D(7) if

Savj=2""v;,  j=0,..,.d. (25)
with v from (16).

Remark 22 The spectral chain is an extension of the classical spectral condition which, in

T
turn, corresponds to the special choicev; = | pj, p}, v p;.d) , See also Example 16.

We will prove in Theorem 25 that the existence of spectral chains is equivalent to the existence
of generalized Taylor factorizations. The main tool for this proofis the following result.

Proposition 23 IfC € ¢(@+V*(@+D(7) is q finitely supported mask for which there exists a chain

V suchthatScj =0, j=0,...,d, then there exists a finitely supported mask B € ¢9+V>(d+1)(z)
such that S¢ = Sg T(V).

11



Proof: We follow the idea from [15] and prove by induction on k that the symbol C* (z) satis-
fies

T * 0,2
C*(2)=B(2) T(""()) () (I’ , k=0,...,d. (26)
with the columnwise written matrix
B (2) = [by(2)---bi(2) ¢} 1(2) -+ €;(2)]. 27)

The construction makes repeated use of the well known factorization for a scalar subdivision
scheme S,:

Z al@-2P)=0 = a*(z)=(z2-1b*(2), (28)

aeZ
see, for example, [1] for a proof.

For case k = 0, the annihilation of the vector ¥y = ey = [1,0,...,0]
decomposition ¢} (z) = (272 — 1) b; (z) and therefore
z72-1
1

T(vo)* (2%

T immediately gives the

C*(2)

[by(2) €] (2)-+-¢(2)]

[by(2) €] (2)---c(2)]

Il

Now suppose that (26) holds for some k = 0. Then the fact that V is a chain yields, by means
of the compatibility condition

Vk+1,k+1
Wi = T(vy)

Vk+1,1

T(vy)
1
1

or, applying (28) to each row of the preceding equation,

that

0=ScVk+1 =SB,

Vi+1
0

Wi+
=Sg, | 1 |,

0

[b;(2)-- bE2)]" Wiy + ¢k, (2) = (272 - 1) b}, , (),
which is
i@ = [B5-bp@]|5,
or ~
Twp*(z") ~wen
C*(2) = [bj(2)- b}, (2) €}, 0 (2) - €5 (2)] z7%2-1 29)
I
Since

T(wis1)*(2) =

Twp)*(2) -wisn
z7l—1|’

12



(29) yields (26) with k replaced by k + 1 and advances the induction hypothesis. U

Remark 24 Proposition 23 shows that, in the terminology of [2], the generalized Taylor oper-
ator is a minimal annihilator for the chain V since it annihilates the chain and factors any
subdivision operator that does so, too.

Now we can show that the existence of a spectral chain results in the existence of a factor-
ization by means of generalized Taylor operators. Since the Taylor operator corresponds to
computing differences, the scheme Sp from (30) is often called the difference scheme of Sy
with respect to the generalized Taylor operator T(V).

Theorem 25 If S possesses a spectral chain V of length d + 1 then there exists a finite mask
B € ¢4+ DX+ 7y such that
T(V)Sa=SgT(V). (30)

Proof: Since S¢ := T(V)S4 has the property that
Scirg=T(WV)Savi =2 FT(V)wi =0,

an application of Proposition 23 proves the claim. U

Remark 26 For the validity of Theorem 25, which is of a purely algebraic nature, the concrete
eigenvalues of the spectral set are irrelevant. Their normalization will play a role, however, as
soon as convergence is concerned.

Next, we generalize a result from [16] that serves as a converse of Theorem 25. The proofis a
modification of the former.

Theorem 27 Suppose that for a finitely supported mask A € £(@*V*@+D there exists a finitely
supported B and a generalized incomplete Taylor operator T, such that T;S, =2"%Sg T, and
Speg=ey. IfachainV = [vy,...,vg] with T;=TWV) satisfies

Sab;jespan{dy,..., v}, j=0,...,d, (31)
then there exists a spectral chain V' for S .

Proof: Relying on Lemma 17, we choose a chain V such that T; = T(V), which particularly
yields that T;v; = e;. Then

Tdvd =e4= SBed = SBTd”d =2deSAvd

implies that T; (2=%v4 — Sav4) = 0, hence

SAvd:Z_dvd+i1, 0=T, 0=



so that 7y = 0 and therefore T;_; vo.4_1 = 0. Since ¥y, ..., ¥4_; form a basis for the kernel of
T,; with last component equal to zero, it follows that v € span{dy,..., #4_1}. Making use of
the two-slantedness of S4, one can literally repeat the arguments of the proof of [16, Theo-
rem 2.11] to conclude that

Savj—-27"'vjespan{vy,...,vj1},

hence Sy (g, ..., V4] = [g,..., P4) U, where U € RE@+D*(@+D js an upper triangular matrix with
diagonal entries 1,...,27%. Using the upper triangular S such that S~ U is diagonal, we can
then define V' by [#y, ..., 7!,] = [y,..., #4] S, which is a chain since

" J
T(Vd)(zckf/k)=0, j=0,....d,
k=0

due to Proposition 13. O

5 Convergence

From [15, 16] we know that the Hermite subdivision scheme H4 converges to a C? function
according to Definition 2 if

1. there exists a scheme Sp such that T¢ 354 = 2748g Tc q and Sp is a convergent vector
subdivision scheme with limit function y¢ = ey fg, for given input data g, where e; =
[0,...,0,117 and fg is a scalar valued function,

2. there exists a scheme Sg such that TC,d Sa= 2“181; TC,d and Sg is contractive.

Note that the normalization with the factor 2-¢ now becomes relevant since it affects the
normalization and contractivity property of Sp and Sg, respectively.

Before we give the results about the convergence replacing T 4 and TC,d by T and T,
respectively, we will now consider conditions to guarantee that B is the result of such a fac-
torization. To that end, we recall the factorization identity

I,
A
from vector subdivision [18]. This relationship does not depend on the form of the Taylor
operator. In terms of symbols, (32) becomes

Vd z*—J

Sg =Sy

Iq
A] (32)

_[Bui(a B2

B}, (2) B},(2) _[~ B
B, (2) Bj(2)

B3, (z2) BJ,(2)

Iq
o 1] : (33)

hence

1,

-1 %% ~%
B*(2) [Id z—l_l] [Bu(z) B,(2)

o -DBuw
z'-1)7'By(2) (2 +1)Bjy(2)

z‘2—1]

. (34)
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Lemma 28 Sp converges to a continuous limit function of the form y¢ = fg eq if and only if
Sg is contractive, By (1) =0 and B»»(1) = 1.

Proof: That convergence of the above type is equivalent to factorization and contractivity
has been shown in [18], which already gives “=”. For “<”, however, we also must ensure
that B* as defined in (34) is a Laurent polynomial. To that end, we must have B,,(1) = 0,
otherwise (z71 — 1)_1321(2) has a pole at 1. Second, the condition Spe; = e; is equivalent
to B*(—-1)e; = 0 and B*(1)e; = 2e;. The first one of these requirements is automatically
satisfied according to (34), the second one becomes 2B3, (1) = 2. (]

Remark 29 Not that E;:z from (33) is just the scalar valued Laurent polynomial E; e

Now we study the convergence of the Hermite scheme whenever we have one of the fac-
torizations: TSy =298 B Tor TSy =2"9SgT. To that end, we first recall the one dimensional
case of [15, Lemma 3].

(0)

& | € €, R?) such that
hn

Lemma 30 Given a sequence of refinements h;, =

1. there exists a constant ¢ in R such thatlim,,_. , hﬁ?) 0)=c,

2. there exists a function ¢ € C (R, R) such that for any compact subset K of R there exists a
sequence |, with limit0 and

) -
aE%%Z'hn @-¢R27"a)|l, = wn (35)
(0) 1
aerzr}LaIl()%Z|2"Ahn (a) = h,, (a)| < Up. (36)

Then there exists for any compact K a sequence 0,, with limit 0 such that the function

1
(p(x)=c+f x&(tx)dt, x€eR, 37
0
satisfies
max [P @) - (27"a)|| <0,  neN. (38)

Theorem 31 Let A, B € ¢\4+DV*(@+1(7) be two masks related by the the factorization TS =
274Sp T, for some generalized incomplete Taylor operator T,;.

Suppose that for any initial data f € 09+1(2) and associated refinement sequence f n of
the Hermite scheme Hy,

1. the sequence f,,(0) converges to a limity € R4,

2. the subdivision scheme Sg is CP~%—convergent for some p = d, and that for any initial
data g, = Ty f, the limit function¥ = Vg € crd (R, [Rd“) satisfies

0
v

W=

] ,  YeCrIRR). (39)

15



Then H, is CP—convergent.

Proof: The proofis adapted from the proofs in [6, 14]. Given f, € 09+1(2), let go=Taf, We
define the following two sequences: f,,; = D™""1Ss(Df,) and g,,., = Spg,, 7 € N. Since
T;Sa=2"%SpT,, we can directly deduce that f,,, =2"¢T;D"f,.

With the convergence of f,(0), let y; :=lim;_. ;o f,(li)(O), i=0,...,d. Then we define ®
recursively beginning with ¢4 = ¥ and setting

1
(,bi(x):y,-+/ xpi(tx)dt i=d-1,...,0. (40)
0

Then @ = [¢;];-9,.. 4 is continuous with (/)E.d_i) =.
Fixing a compact K c R, we will prove by a backward finite recursion that for k = d,d —
1,...,0, there exists a sequence ¢, with limit 0 such that

,(lk)('}’)—(l)k (2_”)/)’ <é&p, yeZn2"K. (41)

The case k = d is an immediate consequence of the convergence of the last row of g, and

g,(f) = ,(ld), which yields for any y € Zn2"K that

() () —w(z‘"y)| <en, (42)

while, for k < d, the convergence of the appropriate component of g,, to zero implies that

2nld=k) <e,, (43)

1 d=k 1
MW = 5 W+ Xtk 5 1O W)
=2

for a sequence ¢, that tends to zero for n — co.
To prove (41) for k = d — 1, we define the sequences h;, = [f,gd_l),f,gd)]T. Then (43) be-
comes |2"A f,,(td_l) (- f,(ld) (-)| < &,,. Because of (42), we can apply Lemma 30 and obtain that

0 = pa (2‘”Y)( <0, ye2"Knz,
whichis (41) fork=d -1.
To prove the recursive step k+1 — k, 0 < k < d — 2, we get from (43) that, fory € Zn2"K,

€n d—k

na pU) oy plk+1) |2k kv el
2"A ) - £} (Y)|52n(d—k)+;_2 o

ko) (y)) (44)

Since (41) holds for j > k, it follows that

1 =-¢;27)| =0

lim
n—oo
uniformly for y € Zn 2" K and since ¢; is bounded on K, so is the sequence ’ f,(lj ) (y)| onzZn

2"K. Thus the right hand side of (44) converges to zero so that it immediately implies (41)
using again Lemma 30. (]

As a consequence of Theorem 31 and Lemma 28 we also have the following results.

16



Corollary 32 Let A, B € ¢\4+V*(@+D(7) be two masks related by the the factorization T;S4 =
2“183 T, for some generalized complete Taylor operator T,. For any initial data f, € ¢9*1(2)
and associated refinement sequence f, of the Hermite scheme H,, we suppose that the se-
quence f,(0) converges to a limit y € R4*1. If Sg is contractive and E;d(l) =1, then Hy is
C%-convergent.

Remark 33 The condition that f,,(0) converges can be discarded by using the techniques from
[3]. The factorization arguments used there can easily be seen to carry over to the situation of
arbitrary generalized Taylor operators. Nevertheless, we prefer the proof given here due to its
analytic flavor which nicely corresponds to the graphs shown later. There the functiony equals
the last derivative of the limit function in accordance with the proof above.

Corollary 34 If, for a mask A € ¢'9*V*4+1)(7), there exists a spectral chain V and the differ-
ence scheme defined by TySs = 274 S T4 is contractive and satisfies b;,(1) =1, then Hp is
C%-convergent.

Remark 35 A normalization property like E; 4(1) =1 has to exist in order to deicribe conver-
gence since all the other properties hold regardless of a rescaling of A and thus B by any con-
stant. But of course such a rescaling either makes the iteration diverge or converge to zero for
any input data which both is excluded from the notion of convergence of a subdivision scheme.

Chains seem to be the proper generalization of sum rules from scalar subdivision. They pro-
vide a large and exhaustive family of annihilators for factorization of subdivision operators;
the only requirement a generalized Taylor operator has to fulfill is the —1 on the first super-
diagonal that encodes, in a discrete way, the fact that the j + 1st entry of the limit function is
the derivative of the jth entry. This leads us to the following conjecture.

Conjecture Given a mask A € pld+1)xd+1)(7) The Hermite subdivision scheme H A is
C%convergent if and only if there exists a spectral chain V such that the difference scheme
defined by TdSA = 2“15;3 Td is contractive and satisfies E;d(l) =1.

6 Unfactoring constructions

In this section we consider the construction of convergent Hermite subdivision schemes that
factorize with respect to a given generalized Taylor operator, thus showing that there exist
whole classes of convergent Hermite subdivision schemes that do not satisfy the spectral
condition. In particular, the spectral condition is not necessary for C?—convergence.

These constructions will be based on determining a contractive difference scheme B. The
difficulty, as in all vector subdivision schemes, lies in the fact that, in contrast to the scalar
case, not every vector subdivision scheme is the difference scheme of a finitely supported
vector or Hermite subdivision schemes, but that more intricate algebraic conditions have to
be taken into account. Since the remainder of this section is rather technical, let us first point
out the main, simple idea behind the construction. By the Taylor factorization property, the
symbols of A and B are related by

T'2A* () =B (9 Ti(z», e, A'@@=(T:) B'(@Ti. 45)
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Hence, the mask B with the contractive operator S g defines A*, but, due to occurrence of the
inverse of the symbol of, this can be a rational function. In order to make it a Laurent poly-
nomial, further algebraic conditions on the components of B have to be satisfied. We will
identify these conditions in the next section and then show how they can be easily satisfied
for triangular, contractive choices of B.

6.1 Conditions on the difference schemes

We begin with an inversion of the Taylor operator.

Lemma 36 For any generalized complete Taylor operator T, there exists an upper triangular
matrix P*(z) of Laurent polynomials such that

~ _ 1 _
(Ti@) ' = ——Di(aP" ) (D;(2) Y 46)
where

. z71-1
D,(z) =

(z71-1)4

Moreoverp;fj(z) =1,j=0,...,d, and

1 1
P*(1) = S 47)
1
Proof: Since
z71-1 * *
-1 .. :
- -1 . : N
. z 7t -1
‘ *
z71-1

(0 1 % ... x|
01
N = 0 . % €|R(d+1)><(d+1)’ Nd+1=0,
1
0

18



it follows that

d J
~ 1 1 N
T (2) = I+ ( )
(Ta(2) z7l1-1 ]Z:I z7l-1
P py AC
Z—l_l (Z—l_l)z e (Z—l_l)d+1
p1;(2) : 1 1
= z7'-1 ' ' =———D%(2)P*(2)(D%(2) .
e | F A Pa@P @ (D)
(z71-1)?
Py, (2)
z71-1

The property of the diagonal elements p;; is immediate from the form of N, in particular
23_1:1( N )’ has a null diagonal.

z -1
For the computation on the off-diagonal elements, we notice that due to

[0 ... 0 1 = ... =]
0o ... 0 1 =%
N] = .'. 1 )
0
0]
it follows that
Pi@ 1 gix@ (' -Dgp2)+1
(Z—l_l)k—j+1 - (Z—l_l)k—j+1 (Z—l_l)k—j - (Z—l_l)k—j+1 ’
which gives (47). O

Example 37 For the generalized complete Taylor operator Ty 4 from (21), we get the constant
polynomial matrix
1 ... 1

P (z)=P"(1) = :
1

Next, we compute C*(z) := (T} (2)) “'B*(2), by first noting that

by (2) b3y
z -1 z -1
* —1 % _
m(Dd(Z)) B (Z) = o . B
e e
(Z—l_l)d+l s (Z—l_l)d-ﬂ

19



Note that without further assumptions this can be a matrix of rational functions. Therefore
the entries c;k(z) of

C*'(2=(T:2) ' B (@=("-1"'D(2) P*(2) (D}(2) ' B" (@)

satisfy, for j,k=0,...,d,

(2) b
% _ ék _ * lk
2 = (z-1/ Z p][(z)m = gjpj/(Z) L 1)l

Then, the components a (z) of the final result

A2 =(T)) @) ' B @ (Ts)" D =C"@ (T1) (D

satisty, since ((7,)" (2%)),, =0for r > k,

ai(2) = ic (2 (Ta)" (2 ))rk—Zc 2 ((Ta)" (2%) 1

(72 =D (2) - Z ¢}, (@) Wi a1

b} (2) & b;, (2

= (z= +1)ZPM( )ﬁ rgwerZP]g(Z)w,

hence,
d p,(2) k-1 b* (z)
* _ ][ -1 . _
af’c(Z)_;j—(z—l—l)f—f (z +1)b[k(z) rzbw’”H — | j,k=0,....d. (48)

Now we can state a condition of B" that ensures that A* is indeed a Laurent polynomial.

Lemma38 Ifforany j, k=0,...,d, there exists a Laurent polynomial h;‘ () such that

k-1 b* (2)

(27! + Db} (2) - Zwkmz” =@ =), (49)

then A€ ¢(@+Dxd+1) (7
Proof: Since p;‘ é(l) =1, all the terms of the outer sum in (48) are polynomials if and only if

_ k-1 b* (z)
(z '+ )b, (=) - Zwkrﬂ —

t=j,....d,

has an (¢— j)—fold zero at 1 for all j < ¢, in particular for j = 0, which yields (49) after replacing
lbyj. O
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The simplest way to solve (49) is to set
b2 =E"-Dhj (2, j=0,.,d-1, k=0,...d, (50)

which we can even choose in a upper triangular way by setting h;f = 0 for k> j. Note that
this choice is even independent of the generalized Taylor operator.

For the final row, however, we cannot use this approach since it would yield E; 4=
thus contradicting the requirement from Lemma 28. To overcome this problem, we set

z;;j(z):(2—1_1)g;;j(z)::(z—l—l)d—fhj;j(z‘l), j=0,....d. (51)

We want to construct h;j in such a way that for j =0,..., d the polynomials

(27! + Db}, (2) - ]Zw]m ’C(zi
j-1
= (' +nET - R - Zw]kﬂ(z o VA YW Ca
]'01
= @ '-n* J((z‘1+1)hd1(z‘1)—];0 w]-,kﬂ(z‘l—l)”‘”"“h;k(z‘l))

, -1
(z -1 ((z_l +Dhy (= Y wy k(e - 1)’Ch;,j_1_k(z‘1))
k=0

have a zero of order d at 1. Since w;; =1, this is equivalent, after replacing z by z71, to a zero
of order j at 1 of the Laurent polynomials

j-1
qj(2):=(z+ l)h:;j(z) — h;,j_l(z) - Z wjj-x(z— l)kh;,j_l_k(z). (52)
k=1

This implies that
qu](l):2h2](1)_h2’]_1(1); jzl,...,d,

which yields, together with the requirement that E; (1) =1, that
hy (=27, j=0...d. (53)

The rth derivative, r = 1,..., j, of g; is
" [r) d® L 9 . (r
)3 (s) e ()@= (nn) @

Zwu kZ()( )(djlk)(r_”(z)

= (z+1) (h;j)( (@) +r (h;j) - (h;,j_l)(r) (2)

q{(2)

min(k,r)

i r| k! s (r=s)
E B [t ) o

s=0
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Therefore, we can express the additional requirements as
0 = q;r)(l)
(r) (r=1) (r)
= 2(hy) @ (ng) 0= (rg L)@

4 r! N (r=k) )
_IcZ::1 Wj,j-k r—K)! (hd,j—l—k) D), r=1,...,j-1, (54)

and, with r = j,

0 = 2(h;j)(j)(1)+r(h;j)(] )(1)—(h;]._1)(”(1)

-1 j! . (j—k)
_k;wj,j_km (hs0e) . (55)
Together, (54) and (55) can be used to build the polynomials h;}j recursively.

This construction allows us to easily create factorizable schemes via (54) and (55), but
it is more difficult to choose h}(z) in such a way that the final i}, ,(2) is the symbol of a
contractive scheme. To achieve this, we perform the recurrence in the opposite direction,
which is still easy for Tj.

Example 39 For the generalized Taylor operator T, A,d we get the simplified conditions

0=2 (h;j)(r) ) +r (h;j)(r_n (- (h;’j_l)(r) W,  r=l..,j (56)

or
(h;;j)(r) (1) Z%((h;j_l)(r)(l)—r (h;j)(r_l)(l)), r=1,...,j. (57)

To come up with convergent schemes of arbitrary size that factor with Ty 4, we now solve (56)
for h;,j—l’ replace j —1 by j and thus get

(hzj)(r) (1)=2 (h:l,j+1)(r) M+r (hji,ju)(r_l) (0, r= 1,...,j +1,

which leads to the explicit formula

iz () ()
hyy@ =27+ Zl , .
Z .

€Y)

(z—1)", j=d-1,...,0, (58)

initialized with a polynomial h; ; of degree n. Starting with the simplest choice h’, ;(z) = %(z +
1), we thus get

1 1
Y 41 (2) 2+2(z—1)+§(z—1)2=5(z+1)2

W4 (2 = 4+6(z—1)+3(z—1)2+%(z—1)3 = %(z+ >,
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If we now set f,,(z) := %(z +1)", then f7 (1) = "!r)!Z""‘l and the fact that

(n—
2D W+ = —(n(’:i)!r)!zn—l—f +r —EZ - Bizn—l—f
(n=1)! n—l—r( LT ): (n-1)! n-1-r_M_ _ n! gn-r-1
(n=1-r)! n-r (n=-1-n)! n-r (n-r)!
= i’
shows that indeed )
h:ij(z):g(z+1)d_f+l, j=0,...d, (59)

satisfy the recurrence (58) and therefore
~ _ . _ 1 _ _ d—i
* d * 2 J
by =" =D Rz 1):5(2 '+1) (272 -1)

is a proper choice. For d = 2, for example, we can set

z—1

S - P

B'(2) = (Z;Z) ) 0

(z-1D?1+2° _ (z-1)(1+2)* 14z

225 228 2z

and get the corresponding

(1+2) (-1-32-622+22%) 7721 1
- 244 T Taz? i
A*(z)=1/4 | z-ba+2) (-1-32-52%2+2%)  (z-1)(52*-1) -1
ZS 4Z3 H
(z=1)*(1+2)* 0 0

225

which yields a C*-convergent subdivision scheme that does not satisfy the classical spectral
condition (6). It satisfies, however, a spectral chain condition related to the Taylor operator
Ta,q. The result is shown in Fig. 1.

For some time it was conjectured that all C?—convergent Hermite subdivision schemes must
satisfy a spectral condition. This is disproved by the following example of a family of conver-
gent schemes that satisfies no spectral condition.

Theorem 40 If the nonzero elements of the matrix B" are of the form

P& = ('-DIMRe),  0sk<j<d,
~. B (z—l_l)j+l ~
bjj(z) = T =0,...,d-1,

by (2)

1 o
S+ (z2-1)"7  j=o0,...4,

then there exists a C% —convergent Hermite subdivision scheme whose mask A satisfies TaSA =
2_d8~fk.
B

Proof: Since B is lower triangular with contractions on the diagonal, the scheme Sz is con-
tractive. The factorization is satisfied by construction. U
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1 1.5
f(O) 1 f(1)
0.5 0.5
0
0 -0.5
-1
-0.5 -1.5
-2 0 2 -2 0 2
(2
5 f 5 v
0 0
-5 -5
-2 0 2 -2 0 2

Figure 1: Limit functions for Example 39, showing the three entries of the limit function of the
Hermite subdivision scheme and the limit function of the associated convergent difference
scheme.

6.2 A generic construction for arbitrary Taylor operators

For an arbitrary generalized Taylor operator T, we want to construct convergent schemes that
factorize with respect to T, thus showing that convergence theory widely exceeds spectral
conditions.

Theorem 41 For any d € N and any generalized Taylor operator T of order d there exists a
convergent Hermite subdivision scheme with mask A that factors with T, that is, such that
TSp= 2‘dS§ T for some appropriate B.

The proof continues the construction from the preceding subsection by giving an explicit way
to construct the polynomials h:;j, j=0,...,d, in such a way that S4 admits the factorization.
Proof: We will again set

by (2= =" by, (60)

and make use of (56) and (57) to determine the vectors

N (j+1)
hjj1 (hdf) M
hj= : = : eRITY j=0,...,d-1,
hj1 (h

o
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which define B” and eventually the desired mask A*. We stack these vectors into the column

vector
hq_

h:=| . |eR
ho

Again, let hji d(z) be the symbol of a contractive mask and recall that

d(d+1)
2

h;j(l)zzd*f, j=0,...,d, (61)

isnecessary due to Lemma 28 to obtain Sg as a convergent vector subdivision scheme. Taking
(61) into account, the requirement for h;_; can be obtained by setting j = d in (54), which
yields

r=1 r!

ha-1y+ ) Waa-—k——=ha-1-kr-k
'’ k; TR (r = k! o’

= 2k ) " W +r ()" VO - waa 2™, r=1,...,d-1
In the same way, (55) transforms into

d-1 d!

hg_ya+ sk
d-1,d k; Wa.d-k g1

(d-1)

ha-1-ka-k=2 (th)(d) W) +d (h},) (1).

In matrix form, this can be rewritten as

1 * oo | %
0
b; = h (62)
1 * :
110 0 0
=: [Id —Hd'd_z —deo]h,
where
d!
k+D!
(d—k)!
Hgr=-wgr+1 u e ROk k=0,...,d-2,
0 0
0 0
and

2(n:,) " W+d (k)" W

« \(d-1) x* \(d-2) d
b= 2(hy,) (1)+(d—1)'(hdd) W-2%war| _oa

2(h: )V ) +1-dwga
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The conditions (54) and (55) for g4_; can, in the same way, be written as

0=2hg_1,qa-1+d—Dha-1,a-2—ha-2,4-1— ) Wa-1,c k'
k=1 ~

aswellasforr=2,...,d -2,

+2
2" wa_yq1-r =2hg_1,r + 1 hg1r-1 = Na—or — ) Wa-1,d-1-k e

and finally the case r = 1

taking the matrix form

0 2 d-
0 2
b;, = '
0
= [Cam -Ig
with
0 2 j
0 2
le=
2
0 2
and
r (d-1)!
(k+1)!

Hy 1 r=-W4q-1,k1 0

With the general definition
J!
T+

Hji=-wji+1

a=2 (d-1)!
hi-1,k
=1 r!
ha—2—kr—k
k=1 k!
2471 = 2hg-1,r —ha-2,-
1 -1 *
-1
0 a (63)
2
2 -1 0
Hi 143 ... Hgiolh

=k .
I |eR/**™,  k=0,..,j-2, j=1,...4d, (64)
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the conditions (54) and (55) result in the system

[ I, -Hgq> -Hgaqs .. -Hgp]
b, Cisv  -Ig Hgaa-3 -~ Hgp
b= ' = ‘.. . . _ h::Hh, (65)
b, C. -I, Hjy
C; -1

noting that 1 = I, = H; o. By Lemma 43, which we prove next, this linear system has a unique
solution h for any given polynomial h; d(z), which, by (60), defines the symbols ij(z), j=

0,...,d, with E:‘m(z) = h;‘ld(z) and therefore

z7l-1
2 -1 2
(' =12hi () B
B'(2) = : . :
(Z_I_Ddh:;—l,o(z) (Z_l_})dhji—l,d—z(z) ~(z’12_;1)d -
B o B Ba@ Bto)

is the symbol of a contractive scheme that satisfies the conditions from Lemma 28 and for
which there exists a mask A such that S4 = Sz T. Therefore, A defines a Cd—convergent Her-
mite subdivision scheme. O

Remark 42 Recall that the whole construction process only had the purpose of finding the last
row of the lower triangular symbol B* (z). All other entries could be chosen in a straightforward
way.

Lemma 43 Matrix H from (65) satisfies |det H| = 1.

Proof: Since the first column of C,;_; is zero, we can start with an expansion with respect to
the first column, yielding that det H is the same as the determinant of A with first row and
column erased. Then, we note that the last row of the matrix in (62) has only one nonzero
entry, namely —1. Expansion with respect to this row also removes the column that contains
the 2 in the last row of (65). Expanding with respect to this row then removes the row that
contains the last nonzero element in Hy 4, in (62), so that we can now expand with respect
to the second last row of (62). Circling in this way, we expand the determinant by means of
factors that are +1, hence, the determinant of H is +1 and in particular independent of T,
that is, independent of wy, ..., w,. O

7 Examples

To illustrate the potential of the methods, we start with two examples of masks obtained by
the construction process in Theorem 41. We restrict ourselves to the simplest nontrivial case
d =2 here.
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Example 44 One parameter, w1, can be chosen freely. The associated linear system for h in
(65) has the simple form

1 0| 2wy
I, -H 2
H = [CZ _f,0:| = [ 0 1 0 , H2,0 = —Wo [0]
! 0 2| -1

which explicitly becomes

1 2wo 1 [hiz 2(hx )" W +2(h5,) @
1 h| = 2(h;,) 1) +1-4ws
2 -1 ] |ho 2
and gives
* !

hu = 2(h),) D) +1-4wy

h01 = 2d11—2=4(h2d)/(1)—81,U21

hi, = 2(hy,)" @ +2(hi,) (1) -2wan

= 2((hg)" )+ (hf,) DO - 4ws)) + 8103, ).

Using the simplest possible choice h; d(z) = %(z +1), we get

hip = 1—4w21+16w§1
hi1 = 2-4wy
hoy = 2-8ws,

and therefore

(1 —4wz1)z + (1 +4wz))?

h;l(z) = > +2LU21(ZZ—1)
hy(2) = 4+ 2-8wy)(z—1)=2((1-4wa)z+ (1+4w2)),
yielding
-, 1,
bgg(Z) = E(Z +1)
by () = (1-4wy +8wi)z 3 +8ws(1-3wz)z 2 — (1 +4wy —24wi)z " - 8w
bo(2) = (4-8wz)z >~ (4— 16wz +8wh).

The resulting limit functions are plotted in Fig 2.

Example 45 In continuation of Example 44, we now choose an arbitrary contractive version

based on
(z+ 1"

2n

hg,(2) =
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Figure 2: Limit functions for the constructions of Example 44 for the values w»; = % (blue,
solid) and w»; =1 (red, dashed).
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Figure 3: Limit functions for Example 45 for the values w,; = % (blue, solid) and wy; =1 (red,
dashed) and n =5.

which has the property that

* % \/ n £ A\ I’l(n—l)
haaW =1, (hy,) W=7 (ha) W=
so that
nn-1) n nn+1
h12 = 2 (T)+E(1—4WZ1)+8LU§1 :(T)—4nWZ1+16LU§1,
hll = n+l1-4wy
h()l = 271—8LU21,

which leads to the graphs shown in Fig. 3. This even gives a whole family of convergent schemes
with the additional parameter n.

The last example revisits a Hermite subdivision scheme based on B-splines that was intro-
duced in [14] and further studied in [16] as one of the first examples of a family of convergent
Hermite subdivision schemes that do not satisfy the spectral condition.

This scheme is based on a construction detailed by Micchelli in [17]. Let ¢o(x) = x0,1]
and define, for r = 1,2,..., the cardinal B-spline ¢, = @y * ¢,_1. We recall that ¢, isa C"!
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piecewise polynomial of degree r with support [0, r +1] that satisfies the refinement equation

= — 2x—a), | = Ja=j
¢l =5 a;z( a )(,or( - (]) { 0 otherwise.

The function v(x) =Y 4e7 fo(o) (@)@, (x — a) can be written as v(x) =Y 47 f,§°) (@, 2" x—a),
n € Ny, where

1|r+1
0= at-280£20B), al@-= —,( ) aeZ. (66)
pez 2 a
We have proved in [16, Proposition 5.3] that for i =0,...,7 one has
1 (r—i) 1 ,
Sa.pi=;pin  Pi=l0 () :=;H(x+]). (67)
.]':1
Taking derivatives of v,
d'v ni i £0)(, _ n .
—(x) =Y 2"A' P a-D) i (2"x—a), i=0,...r—1,
dx' ae”Z

we define Hermite subdivision schemes of degree d < r with mask A(a) and support [0, r +
d + 1] by applying differences to the mask a,, yielding the following observation.

Example 46 The Hermite subdivision scheme based on

ar(a) 0 ... 0] [ 1 0 ... 0]
Aa;(@-1) 0 ... 0 L la-2 0 .. 0

A@ = | Mar@-2) 0 ... of A*(Z):(“er) (1-22 0 .. 0|
Aa(a-d) 0 ... O] (1-2¢ 0 ... 0]

has as limit function the vector consisting of the B-spline and its derivatives but does not satisfy
the classical spectral condition, see [14].

Remark 47 The scheme of Example 46 was studied in [14] by means of similarity transforms
of the masks which was sufficient to show its convergence. The approach presented here is
different and more systematic.

In the following, we prove that the Hermite scheme from Example 46 possesses a spectral
chain.
Firstly, the computation of Taylor expansions yields that there for p € I1; the vectors v), =
(p, p’,...,p(d)]T and ¥, = [p,Ap(-— 1),...,Adp(- -’ satisfy
[1 0 0 ... 0]
1 = *

bp=Rv,  R:= € R+,
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where the d — j-th last components of v, are zero if p € 1}, j < d.
Secondly, (67) yields Sq, pj =27/ p; and the first component of v, is p; , since the only
non zero column of the matrices A(«) is the first one, we therefore deduce that

Pj
*

N 1. ;
SAvpj:SA =SAvpj:§vpj, j=0,...,d,
so that for j =0,...,d, the vectors ¥; = ), i satisfy the spectral condition. To show that the
associated p; form a chain, we have to find the appropriate generalized Taylor operator an-
nihilating ¥4, its uniqueness being guaranteed by Corollary 8. This operator is Ts 4 from (22)
in Example 16. Indeed, by Lemma 49 proved at the end of this section,

_ . d-j )
(Ts.ava)q-; A(A’pd(-—j)) - Ak(A]pd(-—j)) (-—k)
k=1
= Apy(—j—d+1)-Apy(—j-d)=0, j=0,....d,

since A9p, = 1. The same argument also shows that Tsqb j=0,j=0,...,d—1. Therefore V
forms a spectral chain for S4 and by Theorem 25 there exists a finite mask B € ¢(@+D*(d+D(z)
such that Ts,d Sa=Sg Ts,d-

Example 48 (Example 46 continued) Forr =4, d =3, we obtain

_(z-1%z(0+2)* (-2 (+2° _ (e-DZ2(+2)? 2 (1+2)
2 2 2 2

_(z-D%z(+2)* (=122 +2)° (-1 (1+2)° 2 (+2)

_(z-D%z(+2)!  -1D220+2° (-1 (+2)?% 22 (+2)
2 2 2 2

_(z=1%z(0+2)*  (z-1D?*28(1+2°  _ (e-DZ2(U+2)? 2 (1+2)
2 2 2 2

We close the paper with a simple identity on forward and backward differences needed for
Example 48 that may, however, be of independent interest.

Lemma49 Forp eIl and n e N we have that

n-1
Ap=Y Ap(—k)+A"p(-—n+1). (68)
k=1

Proof: Expanding the differences as
k o |k
A*p—K) =) D/ |pt-1),
j=0 J

we find that

n-1
A'p(-—n+1)+ Y Afp(—k)

k=1
n-1 1 n n-1 k Ak

= pC+D+ Y DM I pC=p+ Y. Y =D pe- )
j=0 J+1 k=1j=0 J

n-1 . n n=1{p
pC+D)—pO+ > DIpe=-nl. =2
=0 J+1

j k:j ]
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from which the claim follows by taking into account the combinatorial identity
n 1k
, =Y |., o0=sj=n-1, (69)
J+1) S\

which is easily proved by induction on n: calling the left hand side of (69) f(n) and the right
hand side g(n), the initial step f(j +1) = g(j + 1) = 1 is obvious, while

n+l n n
f(n+1)—f(n)—(j+1)—(j+l)—(j)—g(n+1)—g(n)

advances the induction. O
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